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Abstract

In this work the second-order generalized forced Liénard equation z” + (f(z) +
k(z)a')z' + g(z) = p(t) is considered and a new condition for guaranteeing the

existence of at least one periodic solution for this equation is given.
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1 Introduction

In this work we investigate the existence of periodic solutions for a class of second-

order generalized forced Liénard equations

o + (f(2) + k(z)2")2’ + g(z) = p(t), (1.1)

where f, k, and g are real functions on R and p is a real function on [0,7], T > 0.
Generalized forced Liénard equations appear in a number of physical models and an
important question is whether these equations can support periodic solutions. This
question has been studied extensively by a number of authors; see for example [2,
3,5,9,11, 12, 18, 19, 20]. In particular, there are some existence and multiplicity
results for such equations with nonconstant forced terms; see for example [6, 7, 8, 10,
13, 14, 15, 16, 17, 21]. In this direction, we will obtain a new condition to guarantee
the existence of at least one periodic solution for (1.1) with a nonconstant forced

term. The main purpose of this work is to prove the following result:

Main Theorem Suppose f, k, and g are real functions on R which are locally
Lipschitz and p is a nonconstant, continuous, real function on [0,T], T > 0. Also
suppose all solutions of the initial value problem (1.1) can be extended to [0,T). If
there exist real numbers a1 and ag for which g(ay) < p(t) < g(az) holds for each
0 <t <T, then there exists Ty, 0 < Ty < T, such that if p is Ty-periodic, Eq. (1.1)

has at least one Ty-periodic solution.
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The rest of the work is organized as follows. In Section 2, we prove that (1.1) has
a unique solution satisfying certain conditions by applying Schauder’s fixed point
theorem. In Section 3, the existence of at least one periodic solution for (1.1) when

g has the property mentioned in the Main Theorem is proved.

2 An Existence and Uniqueness Type Result

We start this section by recalling a famous fixed point theorem which was originally
due to Schauder: Let X be a Banach space and €2 be a closed, bounded, and convex
subspace of X. If S : Q — Q is a compact operator, then S has at least one fized
point on €.

We now state and prove the following existence and uniqueness type result which

is a key tool for proving the Main Theorem.

Proposition 2.1 Let a1 < ag and B > 0 be real numbers and consider A =
max{2|ai|,2|az|}. Suppose f, k, and g are real functions on R which are locally
Lipschitz and at least one of the f, k, or g is nonconstant on |x| < A; and p is a
continuous real function on [0,T], T > 0. Also suppose My is the mazimum value
of |p| on [0,T); My, Ms, Ms are the mazimum values of |f|, |k|, |g| on |z| < A;
and My, M}, M are the Lipschitz constants of f, k, g on |zx| < A, respectively.

Consider
M = .
— M}B?+(2Ma+M])B+M+M;
_ 1
N = sppn e and

0 < Tp < min {T,2V/AN,2BN,2/M + 1 — 2}.

Then for each ay < b < ag, Fq. (1.1) has a unique solution x(t), satisfying
z(0) = x2(Ty) = b, (2.1)

for which |xz(t)] < A and |2'(t)| < B hold for each 0 <t < Tj.
Proof. Consider the equation z”” = 0 with boundary condition z(0) = z(Tp) = b.

The existence of a Green’s function for a typical two-endpoint problem was suggested

by a simple physical example in [1] and is as follows:

S(t—Tg)/Tg 2 if OSSStSTo,
G(t,S):
t(S—To)/TO o if OStSSSTo.



If we now consider the integral equation
To

() =b+ [ G(ts)((f@(s) + k(z()a'())a'(s) + g(a(s)) = p(s) )ds,  (22)

0
then it is easy to see that the solutions of (2.2) are exactly the solutions of (1.1)

satisfying (2.1). Hence, to prove the proposition, it is enough to show that (2.2) has
a unique solution x(t) satisfying |z(t)| < A and |2'(t)| < B for each 0 <t < Tp. In
order to do so, suppose X = C1([0,Tp],R), and for ¢ € X define

lgll = max |¢(t)] + max |¢'(t)]-

0<t<Ty 0<t<Ty

It is clear that X is a Banach space. Now, consider
Q= {¢> € X : |6(t)] < Aand |¢ ()] < B hold for each 0 < t < To},

which is obviously a closed, bounded, and convex subspace of X. Define the operator
S : Q — X by mapping ¢ to S(¢), where S(¢) is defined by

To
S@W=b+ [ Gl s)((F6() + k()6 (5)#(3) + a(0(5)) — p(s) )ds.

0
First, we show that S maps €2 into itself. In order to do this, note that for each

x, ', and ¢ such that |z| < A, |2/| < B, and 0 <t < Ty we have

|(f(2) + k(@)a)a’ + g(x) = p(t)| < MaB®+ MyB + My + My

2.3
. (2.3)
=+
Also for each 0 <t < Tj we have

To1G(t,5)|ds = 2t(Th —t) < T, and

Ty | 9 T
015Gt 8)|ds = 712 —t + 3T < 2.

Hence (2.3) implies that for each ¢ € Q and 0 <t < Ty,
T,
@@ < bl + 5 fo" 1G(t5)lds

IN

T2
A A

= A, and

T
< % 00 \%G(t,s)\ds

I
&
=

A

Ty
2N
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These mean that for each ¢ € Q, S(¢) € Q and therefore S is an operator from (2
to Q.

Next, we show that S is a compact operator on . For this, it is enough to
show that each bounded sequence {¢,} on € has a subsequence {¢,,} for which
{S(¢n,)} is convergent on 2. Therefore, let {¢,} be a given sequence on Q which
is automatically bounded by definition of €2. Suppose € > 0 is given. Since G is a
uniformly continuous function on [0, Tp] x [0, Tp], there exists 0, 0 < § < eN, such
that (t1, 1), (t2,s2) € [0,Tp] x [0,Tp] and /(t1 — t2)2 + (51 — s2)2 < & imply that
|G(t1,s1) — G(t2, s2)| < eN/2Ty. By applying (2.3) we now conclude that for each
n and for each t1,ty € [0, Tp], if |t1 — ta| < 6, then

|S(n)(t1) — S(on)(t2)| < % OTO |G (t1,s) — G(ta, s)|ds < €, and

[S(6n) (t1) = S(6n) (t2)] < % Jo * 154G (1, 5) = 5Glta, 5)|ds = x|t —ta] < e.

Hence {S(¢,)(t)} and {S(¢,) (t)} are equicontinuous families of functions on [0, Tp]
and by the classical Ascoli-Arzela theorem, there exists a subsequence {¢y,(t)} of
{¢n(t)} for which {S(én,)(t)} and {S(én,)'(t)} are uniformly convergent on [0, Tp].
This shows that {S(¢y,)} is convergent on © and so S is a compact operator.

Therefore, by Schauder’s fixed point theorem, there exists ¢ € €2 such that
S(¢) = ¢. So for each 0 <t < Ty, we have S(¢)(t) = ¢(t) which is to say

To

o) =b+ [ Glt5) ((F(8(5)) + K(6()'(5))#'(5) + 9(8(5)) — p(5) ) ds.

0

This means that ¢ € €2 is a solution of (2.2). Therefore ¢ is a solution of (1.1) which
satisfies (2.1) in such a way that |¢(¢)] < A and |¢'(t)| < B for each 0 < t < Tp.

We now show that ¢ is the unique solution of (1.1) which satisfies the above
conditions. Suppose 1 is another solution of (1.1) which satisfies the boundary
condition (2.1) such that [¢(¢)] < A and |[¢'(t)| < B hold for each 0 < ¢ < Tjy. This
means that ¢ € Q, ¥ # ¢, and S(¢b) = ¢. By the locally Lipschitz condition for
f, k, and g, note that for each z, y, 2/, ¢/, and ¢ such that |z| < A, |y| < A, |2/| <
B, |y'| < B, and 0 <t < T, we have

|((f(2) + k(z)2")2" + g(x) —p(t)) — ((Fy) + kW)Y )y + 9(y) —p(t))| =
|(f(2) = f()2' + fy) (@ — o) + (k(z) — k(y))2"” + k(y)(@? —y*) + g(z) — g(y)| <

(M}B% 4+ M| B + M})|x — y| + (2MaB + M|z’ — 3|



Therefore by the above inequality, for each 0 <t < Tj,

1S(9) (1) — S()(1)] < T (MB2 + (2Ma + M})B + M} + M:)|[6 — ||
= 10" 2| — |
— I’ }|¢ — ||, and

15(¢)'(t) = S() (1)l

IN

To (MB? + (2Ms + M{)B + M} + M) ||¢ — ||
=D 2|6 -y

=Dbjjp— ).

Hence,

e =l =115(0) = S]]
= max [S()(t) — S(¥)(t)] + max [S(¢)'(t) — S(1)'(t)]

0<i<Ty 0<t<Ty
2 | T
< (aar + ap)lle = ¥l
Therefore we obtain Tp? 4+ 4Ty > 4M, or Ty > 2¢/M + 1 — 2 which is contradictory
with the definition of Ty. So ¢ is the unique solution of (1.1), satisfying the given

conditions. [
The above proposition implies the following existence result.

Corollary 2.2 Let k be a locally Lipschitz real function on R which is nonconstant
on each compact interval. Then for each given Ty > 0 and b, the following boundary

value problem:

{ 2"+ k(x)x’® =0,
z(0) = (Tp) = b,
has a solution.
Proof. We apply Proposition 2.1 with p = 0, say defined on [0,7], T" > 0.
Suppose a1 and as are two real numbers such that a; < b < ao and consider

A = max{2|a1],2|az|}. Let B > 0 be arbitrary. Suppose M is the maximum value
of |k on |z| < A and M}, is the Lipschitz constant of k on || < A. Consider

_ 2
M= M}B*+2M;B’

_ 1
N— MQB2’
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and choose B small enough and also T large enough such that

va - 2, 2 +1-2
BVM; MyB’ “\| M}B? + 2M,B ‘

Ty < min {T,

Proposition 2.1 now implies that the given boundary value problem has a solution.
Note that this solution with restrictions |z(¢)| < A and |2/(¢)| < B for each 0 < t <

Tp is unique. [

3 Proof of the Main Theorem

In this section we prove the Main Theorem. By the assumption we conclude a; # ao
and so without loss of generality we can suppose that a; < as. Define the functions

g and ¢, which are obviously locally Lipschitz, as follows:
. g(x) sifx <ag,
9(x) = .
gla1)+ay —z : if x> a,

and
g(:n):{ g(x) s if x> as,

glag) +as —z : if z < as.

Consider A = max{2|a1|,2|az|} and suppose B > 0 is arbitrary. Let Mj be the
maximum value of |p| on [0,T]; My, My, Ms, Ms, M;s be the maximum values
of |fl, |kl, lgl, 1g], |g] on || < A; and M7, Mj, Mj, Mé, Mé be the Lipschitz
constants of f, k, g, g, g on |z| < A, respectively. Consider

2

M = M} B2 (2Ma+M]) B+ M+ M; ’
N - 2 1 9
Mo B%+4 M1 B+M3+My
M= 2
- /B2 / T )
M}, B2+(2Ma+M}) B+M}+M;
N pu— 1 =
My B2+My B+Ms+My’
o 2
M = S
M} B2+(2Ma+M]) B+Mj+M;
N = L and

M2 B2+M1 B+Ms+Mo’
0 < Tp < min{L, L, f)}, where

L =min {T,2V/AN,2BN,2y/M + 1 — 2},
i:min{T,Q\/ANﬂBN,Q\/J\Zf—F —2}, and
L =min {T,2V AN,2BN,2v/ M +1 - 2}.
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Proposition 2.1 now implies that for each a3 < b < a9, the Eq. (1.1) has a unique
solution, say x(t), satisfying x(0) = x(To) = b for which |z (¢)| < A and |z} (t)| <
B hold for each 0 <t < Tj.

Lemma 3.1 For each 0 <t < Tp, we have x4, (t) < a1 < az < x4, (t).

Proof. First, we prove that x4, (t) < a; holds for each 0 < ¢t < Tj. By Proposition
2.1, the equation

"+ (f(ar:) + k(:z:)x')x/ + g(x) = p(t)

has a unique solution z(t) satisfying x(0) = x(Tp) = a1 for which |z(t)] < A and
|2’(t)] < B hold for each 0 < ¢t < Tp. We claim that x(¢) < a; holds for each
0 <t < Tp. Suppose, for the purpose of a contradiction, there exists a point
0 <t < Tp such that z(f) > a;. Therefore the function z(t) — a; has a positive
maximum on the interval (0, 7)), say at t;. Hence (x(t) —al)"t:tl =0, or 2/(t;) = 0.

Therefore we have established

a(t) = —(fz(tr)) + k(z(t))2'(tr)) 2 (t1) — g(z(tr)) + p(t1)
= —g(az(t1)) + p(t1)
= —gla1) — a1+ x(t1) + p(t1)
= (p(t1) — g(a1)) + (z(t1) — a1)

> 0.

This implies that (x(t) — al)”‘t:tl > 0, which is a contradiction since z(t) — a; has
a maximum at t;. Therefore for each 0 < ¢t < Tp, z(t) < a; and so by the definition
of g, g(x(t)) = g(x(t)) holds for each 0 < ¢ < Ty. This means that x(t) is a solution
of (1.1) satisfying x(0) = z(Tp) = a1 for which |z(t)] < A and |2/(t)] < B hold for
each 0 <t < Ty. The uniqueness property now implies that for each 0 < ¢ < Ty,
x(t) = x4, (t) and so x4, (t) < a; holds for each 0 < t < Ty.

Next, we prove that as < x4, (t) holds for each 0 < t < Ty. By Proposition 2.1,
the equation

" + (f(z) + k(z)2") 2’ + §(z) = p(t)

has a unique solution z(t) satisfying x(0) = z(Tp) = ag for which |z(t)| < A and
|2’(t)] < B hold for each 0 < ¢t < Ty. We claim that ag < z(¢) holds for each
0 <t < Tp. Suppose, for the purpose of a contradiction, there exists a point
0 <t < Tp such that ag > x(#). Therefore the function z(t) — az has a negative

minimum on the interval (0, 7)), say at to. Hence (z(t) —aq =0, or 2/(t3) = 0.

)/‘t:tz
Therefore we have established



a”(ta) = —(f(z(t2)) + k(x(t2))a’ (t2)) 2’ (t2) — 9(x(t2)) + p(t2)
= —g(z(t2)) + p(t2)
= —g(az) — az + x(t2) + p(t2)
= (p(t2) — g(az)) + (z(t2) — a2)
< 0.

This implies that (z(t) — a2)"|,_ 1, <0, which is a contradiction since (t) — az has
a minimum at t5. Therefore for each 0 < ¢ < Tj, as < x(t) and so by the definition
of g, g(x(t)) = g(x(t)) holds for each 0 < ¢t < Tj. This means that z(t) is a solution
of (1.1) satisfying x(0) = x(Tp) = ag for which |z(¢)] < A and |2/(¢)| < B hold for
each 0 <t < Tj. The uniqueness property now implies that for each 0 < t < Tj,
x(t) = x4, (t) and so ag < x4,(t) holds for each 0 <t <Tp. O

Lemma 3.2 There exists b, a; < b < as, such that 2';(0) = 2’y (To).
Proof. Define the function 6 on [a1, az2] by

0(b) = 2'5(0) — 2'y(Tp).

Using the Ascoli-Arzela theorem, one may easily verify that both z(t) and 2/4(t)
are continuous on [0,Tp] X [a1,az]. This implies that € is continuous also. On the
other hand, note that for ¢ € {1,2},

i — Ta, (1o — ¢
2, (1) = tim =TT

t—0+ t ’ t—0+ t ’

and therefore,
0(ai) = @'4,(0) — 2'q,(To)

—  lim Za, (1) + g, (To — t) — 2ai'
t—0T t

~

So by Lemma 3.1, we obtain #(a;) < 0 and 6(a2) 0. Hence there exists b,

>
a1 <b< as, such that 0(5) =0, or x’B(O) = $/5(T0)~ O

Therefore ;(t) is a solution of (1.1) satisfying the following periodic boundary
conditions:
23(0) = z;(To),
JZ’B(O) = x/l;(T()).
By a method similar to the one used in [4], we now extend x;(t) periodically with

period Ty to obtain a periodic solution of the Eq. (1.1). Note that this periodic



solution is nontrivial, since p is a nonconstant forced function. [
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