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ABSTRACT. Let K be a field and S = K[zq,...,2z,] be the polynomial ring in n
variables over the field K. Let G be a forest with p connected components G1,...,G)
and let I = I(G) be its edge ideal in S. Suppose that d; is the diameter of G,
1 <i < p, and consider d = max{d; | 1 <1i < p}. Morey has shown that for every
t > 1, the quantity max{ [%W +p— l,p} is a lower bound for depth(S/I*). In
this paper, we show that for every ¢ > 1, the mentioned quantity is also a lower
bound for sdepth(S/I*). By combining this inequality with Burch’s inequality, we
show that any sufficiently large powers of edge ideals of forests are Stanley. Finally,
we state and prove a generalization of our main theorem.

1. INTRODUCTION

Let K be a field and S = K[zy, ..., x,] be the polynomial ring in n variables over
the field K. Let I be a monomial ideal in S. We denote the K-linear subspace of S
generated by all monomials which do not belong to I by /€. Therefore S = I &€, and
S/I = I°¢ as K-linear spaces. Let u € S be a monomial and Z C {xy,...,z,}. The
K-subspace uK[Z] whose basis consists of all monomials uv with v € K[Z] is called a
Stanley space of dimension |Z|. Here, as usual, |Z| denotes the number of elements of
Z. A decomposition D of I¢ as a finite direct sum of Stanley spaces is called a Stanley
decomposition of S/I. The minimum dimension of a Stanley space in D is called the
Stanley depth of D and is denoted by sdepth(D). The quantity

sdepth(S/I) := max {sdepth(D) | D is a Stanley decomposition of S/I}

is called the Stanley depth (sdepth for short) of S/I. For a reader-friendly introduction
to sdepth, we refer the reader to [5]. Stanley [9] made a conjecture on Stanley decom-
positions of Z"-graded modules. In the special case when the Z"-graded module is S/1,
where [ is a monomial ideal of S, the conjecture says that sdepth(S/1) > depth(S/I).
A monomial ideal I of S'is called Stanley if it satisfies Stanley’s conjecture.

Let G be a forest with p connected components Gy, ...,G, and let I = I(G) be
its edge ideal in S. Suppose that d; is the diameter of GG;, 1 < ¢ < p, and consider
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d =max{d; | 1 <1i < p}. Morey has shown that for every ¢t > 1, the inequality

d—1t+2
depth(S/I") > max{ [T—F—‘ +p— 1,p}
holds true. Assuming Stanley’s conjecture and combining it with Morey’s inequality,
one should expect that for every t > 1,

sdepth(S/I*) > max{ [%W +p— 1,p}.
In this paper, we prove the latter inequality. By combining this inequality with
Burch’s inequality, we show that any sufficiently large powers of edge ideals of forests
are Stanley. Finally, we state and prove a generalization of our main theorem.

We remark that the proofs of the main theorem and its extension are minor mod-
ifications of the original proofs for depth, replacing depth by sdepth and the depth
lemma by [7, Lemma 2.2]. Nevertheless, here we give complete proofs in order to
make the treatment clear and self-contained.

2. THE MAIN RESULTS

Let G be a graph with vertex-set V(G) = {v1,...,v,}. For a vertex v;, the neighbor
set of v; is N(v;) = {v; | v;v; is an edge of G}. The vertex v; is called a leafif N(v;) is
a singleton and is called isolated if N(v;) is empty. There are two types of operations
performed on a graph that produce smaller, related graphs that are referred to as
minors of G. The one used here is the deletion, denoted by G \ v, which is formed
by removing the vertex v from the vertex-set of G and deleting any edge in G that
contains v. Paths are special types of graphs. For n > 2, a path P, of lengthn—11is a
set of n distinct vertices xy, ..., x, together with n — 1 edges z;z;,1 for 1 <i <n—1.
The diameter of a connected graph is the maximum distance between any two vertices.
Here, the distance between two vertices is the minimum length of a path connecting
the vertices. Thus if the diameter of a graph G is d, then there exist vertices u and v
of G and a path P, of length d connecting u and v such that no path of length less
than d exists between v and v. Such a path will be referred to as a path realizing the
diameter of G.

Proposition 2.1. Let P, be a path and I(P,) be its edge ideal. Then we have
sdepth(S/I(P,)) > [g] .

Proof. For n with n < 3, the assertion holds by [3, Theorem 1.4]. We therefore assume
that n > 4. Consider the following short exact sequence:
0— S/(I(P,) : xpy) — S/I(P,) — S/(I(P,), xp—1) — 0.

Since (I(P,) : xp-—1) = ({(Pn-3),Tn_2,%,), by induction and [6, Theorem 1.1] we
obtain that
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sdepth(S/(I(P,) : xn—1)) = sdepth(S'[z,—1]/1(Pn—3))
= sdepth(S"/I(P,-3)) + 1
n—3 n
> —|=
= { 3 W +1= 3]
where S = K[y, 29, ...,2,-3]. Since (I(P,),Tn_1) = (I(Pu—2),Zn_1), similarly we
obtain that

sdepth(S/(I(P,), &n_1)) = sdepth(S'[2n_o]/I(Pp,)) + 1 > [n ; ﬂ +1.

Now [7, Lemma 2.2] implies that sdepth(S/I(P,)) > [%], as required. O

By applying Proposition [2.1{and [4, Lemma 2.8] we conclude the following corollary.
Corollary 2.2. The edge ideal of every path is a Stanley ideal.

The sdepth formula for a path given by Proposition[2.1]can be extended to a formula
that gives a lower bound for the sdepth of a tree. Note that since the diameter is
the maximum distance between vertices, a path realizing the diameter of a tree must
connect two leaves of the tree, where a leaf is a vertex with a unique neighbor.

Proposition 2.3. Let G be a tree of diameter d and I = I(G) its edge ideal. Then
we have

sy > [1].

Proof. If d < 2, then (%w = 1, and so the result follows from [3, Theorem 1.4]. We
therefore suppose that d > 3. In this case, the proof is essentially the proof of [4]
Proposition 2.9], with depth replaced by sdepth and the depth lemma replaced by [7,
Lemma 2.2]. We provide the proof for completeness.

Let u and v be the vertices of GG such that the distance between v and v is d, and let
P,.1 be a path connecting v and v that realizes the diameter of G. Then w is a leaf, and
so we may consider y as the unique neighbor of u. Therefore we obtain that (I,y) =
(J,y), where J is the edge ideal of the minor G’ of G formed by deleting y. Note that
the diameter of G’ is at least d — 2 and also that u is isolated in G’. Thus if S’ is the
polynomial ring formed by deleting w, then sdepth(S/(1,y)) = sdepth(S'[u]/(J,y)).
Now [6, Theorem 1.1] implies that sdepth(S/(I,y)) = sdepth(S’/(J,y))+1, and again
by [0, Theorem 1.1] and using induction we conclude that

sdepth(S/(1,y)) = [d‘gﬂ} i1 [

Now consider (I : y) = (L, N(y)), where L is the ideal of the minor G” of G formed
by deleting the variables in N(y). Let S” be the polynomial ring formed by deleting

d+11
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the variables in yUN(y). Then the diameter of G” is at least d — 3 and y is an isolated
vertex, and so

sdepth(S/(1 : y)) = sdepth(S"[y]/L) = [#W = [EW

3

by induction and [6, Theorem 1.1].
We now conclude the proposition by applying [7, Lemma 2.2] to the following short
exact sequence:

0—S/(I:y)— S/IT— S/(I,y) — 0.
U

The goal of this paper is to use graph invariants to provide lower bounds on the
sdepth of the powers of the edge ideal of a forest. When the graph is a tree or forest,
a lower bound for the sdepth of any power will be given in Theorem Since the
proof makes repeated use of applying [7, Lemma 2.2] to a pair of sequences, we first
state and prove a lemma for simplification.

Lemma 2.4. Let G be a graph and I = I(G) be its edge ideal. If z; and z are
vertices of G and for some s > 0, sdepth(S/(I' : 2122)) > s, sdepth(S/(I*,21)) > s
and sdepth(S/((I* : z1), 22)) > s, then sdepth(S/I") > s.

Proof. The proof is essentially the proof of [4, Lemma 3.1] with depth replaced by
sdepth and the depth lemma replaced by [7, Lemma 2.2]. We provide the proof for
completeness. Applying [7, Lemma 2.2] to the short exact sequence

0— S/(I': 2129) — S/(I": z1) — S/((I" : 21),25) — 0
yields that sdepth(S/(I* : z1)) > s. Now again applying [7, Lemma 2.2] to the short
exact sequence
0— S/(I': ) — S/I" — S/(I",2,) — 0
implies that sdepth(S/I*) > s. O
As a first step toward determining the sdepth of powers of edge ideals of trees and

forests, we may now determine a lower bound on the sdepth of the powers of the ideal
of a path.

Proposition 2.5. Let P, be a path and I(P,) be its edge ideal. If n > 2 and t > 1,
then we have

sdepth(S/I(P,)!) > max{ [H_Tm—‘ ,1}.

Proof. Note that by [3, Theorem 1.4] and [§, Theorem 5.9], for n > 2 and ¢t > 1 we
have sdepth(S/I(P,)") > 1. We therefore prove that

n—t—i—l-‘

sdepth(S/I(P,)") > [ 3
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We use induction on n and t to prove this latter inequality. Note that by [3, Theorem
1.4] and [8, Theorem 5.9] the result holds for n < 3 and for all . Also, by Proposition
2.1] the result holds for ¢ = 1 and for all n. We therefore assume that n > 4 and
t > 2. By this assumption, the proof is the same as the proof of |4, Proposition 3.2],
with depth replaced by sdepth, the depth lemma replaced by [7, Lemma 2.2] and [4]
Lemma 3.1] replaced by Lemma [2.4] O

The following lemma is an immediate consequence of [7, Theorem 3.1].

Lemma 2.6. Let G = G UGy be the disjoint union of two graphs G1 and Gy. Then
we have

sdepth(S/I(G)) > sdepth(S’/I(G1)) + sdepth(S"/I(G5)),

where S’ is the polynomial ring over |V (G1)| variables, S” is the polynomial ring over
|V (G2)| variables and S is the polynomial ring over |V (G)| variables.

We are now ready to prove the main theorem of this paper. Note that isolated
vertices will not be considered as connected components of G.

Theorem 2.7. Let G be a forest with p connected components Gi,...,G, and let
I = I(G) be its edge ideal in S. Suppose that d; is the diameter of G;, 1 <i < p, and
consider d = max{d; | 1 <i < p}. Then for everyt > 1 we have

sdepth(S/1") > max{ [%—‘ +p— 1,p}.

Proof. To prove the theorem we use induction on ¢ and n, where n is the number of
nonisolated vertices of G. Without loss of generality, we may assume d = d;. For
t = 1 and p = 1 the result follows from Proposition 2.3] For ¢ = 1 and any p > 2
the result follows from Lemma [2.6] and Proposition 2.3] Thus the result holds for
t =1 and every n. Now assume that t > 2. If n = 2, then G = P,, d = 1, and the
result holds for all ¢ by Proposition Assume n > 3. In this case, the proof is
essentially the proof of [4, Theorem 3.4], with depth replaced by sdepth, the depth
lemma replaced by [7, Lemma 2.2] and [4, Lemma 3.1] replaced by Lemma [2.4 We
provide the proof for completeness.

Fix a path P,y in G realizing the diameter, let 7 be an endpoint of this path (and
thus a leaf of G), let y be its unique neighbor, and let N(y) = {z1,...,2,} be the
neighbors of y. Note that » > 1 and r is finite. Note also that by [4, Lemma 3.3],
at most one of the z;’s is not a leaf. Without loss of generality, assume that x; is a
leaf for 1 <4 < r. Let I; be the ideal of the minor of G formed by deleting x4, ..., z;
for every 1 < j < r. Let S; = K[zj11,...,2,-1,y] be the subring of S excluding
1, ..., 75 and let S% = K[zjy1,...,2,-1]. Note that for every j, I; C S is the edge
ideal of a graph involving fewer than n vertices. To use Lemma [2.4] to find the sdepth
of S/I', the sdepths of three ideals must be checked. For simplification, let

{[d—t—k?‘ }
§=max | ——a— +p—1Lp,.
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Since 7 is a leaf, by [4, Lemma 2.10], (I' : z;y) = I'"!, and so by induction on ¢ we
have

sdepth(S/(I' : x1y)) > max{ [d — (¢ ; D+ 2-‘ +p— 1,p} > s.

To find the sdepth of the second ideal, note that (I*,y) = (J,y), where J is the
edge ideal of the minor G’ of GG formed by deleting y. Then G’ is again a forest with
fewer than n vertices, it has at least p — 1 connected components, and the generators
of J lie in S]. Thus by induction, sdepth(S]/J*) > p — 1, and so we have

Sdeth(S/(It,y)) = Sdepth(sl [Il]/(‘]t7y)) > p— 1+1= p.

Suppose d < 3. Then V—%ﬂ < 1 for every t > 2, and thus we have s = p and
sdepth(S/(I*,y)) > s.

For d > 3, note that the number of connected components of J is at least p, since
G,...,Gp and d — 2 > 1 edges of P,y survive in G'. This also implies that the
maximal diameter d’ of a connected component of G’ is at least d — 2. Thus by
induction on n, we conclude that

d—2—1t+2

sdepth (S [z1]/(J',y)) > maX{ [ 3

Thus for every d we have sdepth(S/(I*,y)) > s.
Now consider ((I' : y),z1). By [4, Lemma 2.5] we have ((I' : y),x1) = (I} : y), x1),
where [; is as defined above. Thus

sdepth(S/((I' : y),z1)) = sdepth(S;/(I} : y)).

Note that if = 1, then d = 1 and s = p as above. Also, for r =1, (Il : y) = I! and
I, C S} is the edge ideal of a forest with fewer than n vertices and p — 1 connected
components. Thus

sdepth(S/((I* : y), 1)) = sdepth(S1/17) = sdepth(Si[y]/I}) > p—1+1=p,

and so for r = 1 we have sdepth(S/((I* : y),z1)) > s.

Now suppose that » > 2. In this case d > 2, since x1,y, z, are all vertices included
in Pyyq. To find sdepth(S;/(It : y)), we use reverse induction on r. First, consider
(It : y) = I'. Note that the generators of I all lie in S/, and so sdepth(S,/I!) =
sdepth(S.[y]/I!) = sdepth(S!/I!) + 1. If d < 3, then I, C S/ corresponds to a
graph with at least p — 1 connected components, and so by induction on n we have
sdepth(S./It) > p — 1 and therefore depth(S,/It) > p = s. If d > 4, then I, corre-
sponds to a graph with diameter at least d — 3 with at least p connected components,
and so by induction on n we have

d—3—1+2
sdepth(S./I!) > max{ {%—‘ +p— l,p},

-‘—l—p—l,p}—{—lzs.

and thus
sdepth(S,/(I! : y)) = sdepth(S, /I!) = sdepth(S./I') + 1 > s.



STANLEY DEPTH OF POWERS OF THE EDGE IDEAL OF A FOREST 7

Now assume that sdepth(S;/(I} : y)) > s for some 2 < j < r. Consider the short
exact sequence

0— Si1/(I}_y s yx;) — Si /(I y) — Si—1 /(T4 = y),z;) — 0.
By [4, Lemma 2.5] we have ((I} : y),z;) = (({;_, : y), ;) and therefore by assumption
we obtain that sdepth(S;_1/(([;_; : y),2;)) = sdepth(S;/(I} : y)) > 5. By [4, Lemma
2.10], (I5_y : yz;) = I'"1, since x; is a leaf for j < r and y is a leaf when j = 7. The

Jj—b
diameter of the graph associated to I;_; is at least d — 1, and so

sdepth(Sj—1/(Ij_y : yz;)) = sdepth(Sj_1/I;7)

Zmax{ [d—1_(§_1)+2%p_17p}:8

by induction. Thus by [7, Lemma 2.2] we have sdepth(S;_1/(I}_; : y)) > s. Hence by
reverse induction, sdepth(S;/(If : y)) > s.

Since sdepth(S/((I' : y),x1)) = sdepth(S1/(I} : y)), as above we conclude that
sdepth(S/((I* : y),z1)) > s. Thus by applying Lemma 2.4 with z; = y and 2z, = x4,
we obtain that sdepth(S/I") > s, as required. O

Let K be a field and S = K[zy, ..., x,] be the polynomial ring in n variables over
the field K, and let I C S be a monomial ideal. A classical result by Burch [2] so that

mtin depth(S/I") <n — (1),

where ((I) is the analytic spread of I, that is, the dimension of R(I)/mR([), where
R(I) = @, ,I" = S[It] C S[t] is the Rees ring of I and m = (zy,...,z,) is the
maximal ideal of S. By a theorem of Brodmann [I], depth(S/I") is constant for large .
We call this constant value the limit depth of I, and denote it by lim,_, depth(S/I").
Brodmann improved the Burch inequality by showing that

tlim depth(S/I") < n —((I).

Corollary 2.8. Let G be a forest. Then there exists a positive integer ko such that
for every k > kg, the ideal I* is Stanley.

Proof. One can easily check that for every forest G, the analytic spread of I(G) is
equal to n—p, where p is the number of connected components of G (see also [10), Page
50]). Therefore by the minimum value given in [4, Theorem 3.4] and the argument
above, depth(S/I") = p, for sufficiently large k. Now Theorem completes the
proof. O

3. APPENDIX: A GENERALIZATION OF THE MAIN THEOREM

The proof of Theorem [2.7]depends heavily on the existence of a vertex y such that at
most one neighbor is not a leaf. A careful examination of [4, Lemma 3.3| guarantees
that any tree with diameter d > 3 will contain at least two such vertices that are
not themselves leaves, namely the neighbors of the two leaves of a path realizing the
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diameter. Call a vertex v of G a near leaf of G if v is not a leaf and N(v) contains
at most one vertex that is not a leaf. Let ¢ denote the number of near leaves of G.
Then the bound given in Theorem can be strengthened using essentially the same
proof. However, a strengthening of Proposition is needed.

Lemma 3.1. Let G be a tree with diameter d > 1 and q near leaves, and let I = I(G)
be its edge ideal. Then we have

sdepth(S/1) > {%W |

Proof. For ¢ < 2 the lemma holds by Proposition [2.3] and so we assume that ¢ > 3.
Note that for a connected graph, if two near leaves are adjacent, then we obtain that
d = 3 and ¢ = 2, since all other vertices must be leaves. Thus for ¢ > 3, no neighbor of
a near leaf is a near leaf. Let P,y be a path realizing the diameter of G with vertices
T1,%,...,Tqr1. In this stage, we continue the proof as the proof of [4, Lemma 3.6],
with depth replaced by sdepth and the depth lemma replaced by [7, Lemma 2.2]. [

Corollary 3.2. Let G be a forest with p connected components Gi,...,G, and let
I = I(G) be its edge ideal in S. Suppose that d; is the diameter of G;, 1 <i < p, and
consider d = max{d; | 1 <i < p}. If q is the number of near leaves of a component
of diameter d, then for everyt > 1 we have

sdepth(S/I") > max{ [w-‘ +p— 1,p}.

Proof. The proof is essentially the proof of [4, Corollary 3.7], with depth replaced
by sdepth and [4, Lemma 3.1] replaced by Lemma We provide the proof for
completeness.

As before, assume that d = d; and ¢ is the number of near leaves of G;. When
counting near leaves in this proof, only those in minors of GG; will be considered. For

simplification, let
d—t+q
§=maxq | ——— +p—1,ps.

If d < 3, then ¢ < 2, and so the result holds by Theorem When t = 1, the result
follows from Lemma [3, Theorem 1.4] and Lemma 2.6 Fix the notation as in
Theorem and assume ¢ > 3 and d > 4. Then (I' : z;y) = I*"! as before, and

— 1
sdepth(S/(I" : z1y)) > max{ [#—‘ +p - 1719} 2>

by induction on t. Now (I*,y) = (J* y), where J is the edge ideal of G’. Note that
the diameter of G’ is at least d — 2, G’ has at least ¢ — 1 near leaves, and z; is an
isolated vertex. Thus by induction on n,

sdepth(S/(I',y)) > max{ {d —2otta-l

3
as before.

w+p—1,p}+128,
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As in the proof of Theorem since d > 4, we have r > 2 and (I’ : y) = It. Note
that the diameter of the graph corresponding to I, is at least d — 3. Also note that
because x, lies on a path of maximal length and has distance two from a leaf on that
path, every path that connects x, to a leaf and does not contain any other vertex in
Py.1 must have length at most two. Thus any near leaves on such a path must be
directly adjacent to x,.

Let a be the number of near leaves adjacent to z, but not on Py,;. Then the graph
of I, has p 4+ a connected components, and the number of near leaves of I, in the
connected component containing P;_» is at least ¢ — a — 1 when d > 5, since y is also
no longer a near leaf. If d = 4, the number of near leaves of I, is 0 and a = ¢ — 2
since every near leaf is adjacent to z,, including both that lie on P;,,. Hence, for
d = 4, the minor associated to I, consists of P, together with a additional connected
components and at least one isolated vertex. Thus

sdepth(S,/I!) >14+a+p—1+1>qg+p—1
d+q—1
[ o [

for d =4 and q > 3.

Assume that d = 5. Hence, either the connected component containing P, 5 con-
tains two near leaves, and thus has diameter at least 3 =d — 2, or @ > 1. In the first
case, by induction,

sdepth(S,/It) = sdepth(S./I!)+1

d—2—t -1
Zmax{{ 3+q -‘+p—1,p}+125.

In the second case, a > 1, and so

sdepth(S,/It) = sdepth(S!/I!) +1

d—3—1 —a—1
zmax{[ J?:q ¢ -‘+p—1,p}+a+123.

If d > 5, then d — 2 > 4, and so either P;_ 5 contains two near leaves, one of which
was not a near leaf of I, or P;_5 is not maximal, and so the diameter of I, is at least
d — 2. In the first case, the number of near leaves is ¢ — a and the diameter is at least
d — 3, and so

sdepth(S,/I!) = sdepth(S./I!) + 1

d—3—1 —
Zmax{[ ] a-‘—i—p—l,p}—i—a—i—lZs.

3
In the second case, the number of near leaves is ¢ — a — 1 and the diameter is at least
d — 2, so again
sdepth(S, /It) = sdepth(S!/I!) + 1

d—2—1 —a—1
zmax{[ J?:q ¢ -‘+p—1,p}+a+125.
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Now by reverse induction on j, using the proof of Theorem 2.7 we have
sdepth (S /(I : y)) = sdepth(S/((I* : y), 1)) > s.
As in Theorem [2.7] the result now follows from Lemma [2.4] O
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