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Let � be a field, and let R = ��x1� � � � � xn� be the polynomial ring over � in n

indeterminates x1� � � � � xn. Let G be a graph with vertex-set �x1� � � � � xn�, and let
J be the cover ideal of G in R. For a given positive integer k, we denote the kth
symbolic power and the kth bracket power of J by J�k� and J�k�, respectively. In this
paper, we give necessary and sufficient conditions for R/Jk, R/J�k�, and R/J�k� to be
Cohen–Macaulay. We also study the limit behavior of the depths of these rings.
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1. INTRODUCTION

Let R be a commutative ring with identity, and let I be an ideal of R. For a
given positive integer k, the study of the ring R/Ik has long been a topic of interest
in commutative algebra, and there are many questions which we can formulate.
For example, one can ask the following question: When is R/Ik a Cohen–Macaulay
ring? The study of the depth of R/Ik may help us to understand the initial behavior
of R/Ik which is more mysterious. Therefore, it is natural to ask: What is the limit
behavior of the numerical function f�k� = depth�R/Ik�? There are many papers in the
literature which deal with these kinds of questions. Regarding the above questions,
note that there are examples of graded ideals such that R/I is Cohen–Macaulay,
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144 CONSTANTINESCU ET AL.

while R/I2 is not Cohen–Macaulay. In these cases, depth�R/I� < depth�R/I2� holds
true (see, for example, [19]). Let R be either a Noetherian local ring with maximal
ideal �, or a standard graded �-algebra with graded maximal ideal �, where � is
any field. Let I be a proper ideal of R, which we assume to be graded if R is standard
graded. It is clear that the numerical function f�k� = depth�R/Ik� is bounded by
d = dimR. A classical result of Burch [7] improves this fact and says that

min
k≥0

depth�R/Ik� ≤ d − ��I��

where ��I� denotes the analytic spread of I , that is, the dimension of ��I�/���I�,
where ��I� is the Rees ring of I . On the other hand, by a theorem of Brodmann [5]
the value of depth�R/Ik� is constant for k � 0. This constant value is called the limit
depth of I and is denoted by limk→� depth�R/Ik�. Brodmann improved the Burch
inequality by showing that

lim
k→�

depth�R/Ik� ≤ d − ��I��

In 1983, Eisenbud and Huneke [12] showed that equality holds if the associated
graded ring grI �R� is Cohen–Macaulay. This is, for example, the case if R and ��I�

are Cohen–Macaulay (see [22]).
Let � be a field, and let R = ��x1� � � � � xn� be the polynomial ring over � in n

indeterminates x1� � � � � xn. Let G be a graph with vertex-set �x1� � � � � xn	, and let J be
the cover ideal of G in R. For a given positive integer k, we denote the kth symbolic
power and the kth bracket power of J by J�k� and J �k�, respectively. It is known
that if R/Jk is a Cohen–Macaulay ring, then we have Jk = J�k� and thus R/J�k� is
Cohen–Macaulay. Therefore, in order to answer the first question of this section, it
is natural to ask the following question: When is R/J�k� a Cohen–Macaulay ring? In
this paper, we study the analog of questions mentioned in the above for the rings
R/Jk, R/J�k�, and R/J�k�. In particular, in Theorem 4.3, Theorem 3.1, and Corollary
5.2, we prove that the following statements hold (note that, for a given graph G, the
graph G denotes the complement of G):

1. For k ≥ 2, the ring R/Jk is Cohen–Macaulay if and only if G is a complete
bipartite graph;

2. The ring R/J�2� is Cohen–Macaulay if and only if every path and cycle with
more than 3 vertices in G has a chord. Also, for k ≥ 3, the ring R/J�k� is Cohen–
Macaulay if and only if any pair of disjoint edges of G is contained in a cycle of
length 4;

3. For k ≥ 1, the ring R/J�k� is Cohen–Macaulay if and only if G is a chordal graph.

2. PRELIMINARIES

In this section, we recall some definitions and notations concerning
combinatorics, graphs, and commutative algebra for later use. The reader is referred
to [4] and [31] for a fuller treatment of the subject.
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POWERS OF COVER IDEALS 145

2.1. Notions from Combinatorics

A simplicial complex 
 on �n� �= �1� � � � � n	 is a collection of subsets of �n�
which is closed under taking subsets; that is, if F ∈ 
 and F ′ ⊆ F , then also F ′ ∈ 
.
Every element F ∈ 
 is called a face of 
 and the dimension of a face F is defined to
be 	F 	 − 1. (As usual, for a given finite set X, the number of elements of X is denoted
by 	X	.) The dimension of 
 which is denoted by dim
, is defined to be d − 1, where
d = max�	F 	 	F ∈ 
	. A facet of 
 is a maximal face of 
 with respect to inclusion.
Let � �
� denote the set of facets of 
. It is clear that � �
� determines 
. When
� �
� = �F1� � � � � Fm	, we write 
 = 
F1� � � � � Fm�. We say that 
 is pure if all facets
of 
 have the same cardinality. A nonface of 
 is a subset F of �n� with F � 
.
Let � �
� denote the set of minimal nonfaces of 
 with respect to inclusion. The
link of 
 with respect to a face F ∈ 
, denoted by lk
�F�, is the simplicial complex
lk
�F� = �G ⊆ �n�\F 	G ∪ F ∈ 
	. We now record the numerical data associated to

. Let fi denote the number of faces of 
 of dimension i. The sequence f�
� =
�f0� f1� � � � � fd−1� is called the f -vector of 
. Letting f−1 = 1, the reduced Euler
characteristic of 
, denoted by �̃�
�, is defined to be �̃�
� = ∑d−1

i=−1�−1�ifi.

2.2. Notions from Graph Theory

Throughout the paper, by a graph we mean a finite undirected graph without
loops or multiple edges. For a graph G, let V�G� denote the set of vertices of G, and
let E�G� denote the set of edges of G.

A bipartite graph is one whose vertex-set is partitioned into two (not
necessarily nonempty) disjoint subsets in such a way that the two end vertices for
each edge lie in distinct partitions. Among bipartite graphs, a complete bipartite
graph is one in which each vertex is joined to every vertex that is not in the same
partition. A matching in a graph is a set of edges such that no two different edges
share a common vertex. The number of edges in a maximum matching of a graph G
is called the matching number of G and is denoted by 
′�G�. A subset S of edges of a
graph with no isolated vertices is called an edge covering of the graph if every vertex
of the graph is an end of some edge in S. The number of edges in a minimum edge
covering of a graph G is called edge covering number of G and is denoted by �′�G�.

We recall that a walk between two vertices x and y of a graph is a sequence
x = v0� e1� v1� � � � � ek� vk = y of vertices and edges of the graph, simply denoted by

x = v0v1 · · · vk−1vk = y�

such that for every i with 1 ≤ i ≤ k, the edge ei has endpoints vi−1 and vi. Also, a
path between x and y is a walk between x and y without repeated vertices. A cycle
of a graph is a path such that the start and end vertices are the same. Two cycles
are considered the same if they consist of the same vertices and edges. The number
of edges (counting repeats) in a walk, path, or a cycle, is called its length. A chord in
a path (resp. cycle) is an edge that joins two nonadjacent vertices of the path (resp.
cycle). We say that a graph G is a chordal graph if every cycle of length at least four
in G has a chord. A graph G is called connected if for any vertices x and y of G
there is a path between x and y. Otherwise, G is called disconnected. The maximal
connected subgraphs of G are its connected components. Here, maximal means that
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146 CONSTANTINESCU ET AL.

including any more vertices would yield a disconnected subgraph. Any graph is a
union of its connected components. If the number of connected components of G is
equal to one, then G is, of course, connected.

For a graph G and a nonempty subset S of V�G�, the subgraph induced by S,
denoted G�S�, is the maximal subgraph of G with vertex-set S. A subset W of V�G�
is called a vertex cover of the graph G if every edge of G is incident to at least one
vertex of W . A vertex cover W is called a minimal vertex cover of G if no proper
subset of W is a vertex cover of G. A subset A of V�G� is called an independent
subset of G if the induced subgraph G�A� contains no edges; that is, there are no
edges among the vertices of A. Clearly, A ⊆ V�G� is an independent subset of G if
and only if V�G�\A is a vertex cover of G.

2.3. Notions from Commutative Algebra

Let R = ��x1� � � � � xn� be the polynomial ring in n variables over a field �,
and let I be a monomial ideal of R. The Rees algebra of I in R is defined to be
��I� = ⊕�

n=0 I
n = R�It� ⊆ R�t�. The analytic spread of I , denoted by ��I�, is defined

to be the Krull dimension of the fiber cone ��I�/���I�, where ��I� is the Rees ring
of I and � = �x1� � � � � xn� is the maximal ideal of R. If I is assumed to be proper,
then the notation grI �R� indicates the associated graded ring of R with respect to
the I-adic filtration of R; that is, grI�R� = R/I ⊕ I/I2 ⊕ I2/I3 ⊕ · · · . The arithmetical
rank of I , denoted by ara I , is defined as follows:

ara I = min
{
r ∈ � 	 there exist a1� � � � � ar ∈ I such that

√
�a1� � � � � ar� =

√
I
}
�

If I is assumed to be squarefree, then the Alexander dual of I , denoted by I∨, is the
ideal whose primary components are given by the minimal generators of I ; that is,
if I = �x1�1 · · · x1�l1� � � � � xr�1 · · · xr�lr �, then I∨ = �x1�1� � � � � x1�l1� ∩ · · · ∩ �xr�1� � � � � xr�lr �.

2.4. Notions from Combinatorial Commutative Algebra

Algebraic combinatorics is an area of mathematics that employs methods of
abstract algebra in various combinatorial contexts. One of the fastest developing
subfields within algebraic combinatorics is combinatorial commutative algebra. It
has evolved into one of the most active areas of mathematics during the last several
decades. We refer the reader to the books by Stanley [31], Bruns and Herzog [6], as
well as Miller and Sturmfels [24] as general references in the subject.

One of the connections between the combinatorics and commutative algebra is
via rings constructed from the combinatorial objects. Let R = ��x1� � � � � xn� be the
polynomial ring in n variables over a field �, and let 
 be a simplicial complex on
�n�. For every subset F ⊆ �n�, we set xF = ∏

i∈F xi. The facet ideal of 
 is the ideal
I�
� of R which is generated by those squarefree monomials xF with F ∈ � �
�. Thus
if 
 = 
F1� � � � � Fm�, then I�
� = �xF1� � � � � xFm�. The Stanley–Reisner ideal of 
 is the
ideal I
 of S which is generated by those squarefree monomials xF with F � 
. In
other words, I
 = (

xF 	F ∈ � �
�
)
. The Stanley–Reisner ring of 
, denoted by ��
�,

is defined to be ��
� = R/I
. The simplicial complex 
 is called Cohen–Macaulay
(resp. Gorenstein) if the ring ��
� is Cohen–Macaulay (resp. Gorenstein). Let G be
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POWERS OF COVER IDEALS 147

a graph with V�G� = �x1� � � � � xn	. Then by identifying the vertices of G with the
variables in the ring R, we can associate a squarefree quadratic monomial ideal I�G�

of R to the graph G. The ideal I�G� is defined by I�G� = (
xixj 	 �xi� xj	 ∈ E�G�

)
and

is called the edge ideal of G in R. The edge ideal, which was first introduced by
Villarreal in the 1990s, is an algebraic object whose invariants can be related to
the properties of G and vice versa (see [35] as a more accessible reference). The
edge ideal of a hypergraph and of a clutter can be defined in a similar way (see
[11, 17, 18]). Many authors have been interested in using the edge ideal construction
to build a dictionary between the fields of graph theory and commutative algebra.
For general references we refer the reader to [30] and [35].

We continue this part by recalling polarization of a monomial ideal which is
a deformation that assigns to an arbitrary monomial ideal a squarefree monomial
ideal in a new set of variables. Let I be a monomial ideal of R = ��x1� � � � � xn� with
minimal generators u1� � � � � um, where ui =

∏n
j=1 x

aij
j , 1 ≤ i ≤ m. For every j with 1 ≤

j ≤ n, let aj = max�aij 	 1 ≤ i ≤ m	, and suppose that

T = ��x11� x12� � � � � x1a1� x21� x22� � � � � x2a2� � � � � xn1� xn2� � � � � xnan �

is a polynomial ring over the field �. Let J be the squarefree monomial ideal
of T with minimal generators v1� � � � � vm, where vi =

∏n
j=1

∏aij
k=1 xjk, 1 ≤ i ≤ m. The

monomial vi is called the polarization of ui, and the ideal J is called the polarization
of I .

2.5. Cover Ideals: What We Deal with in This Paper

Let G be a graph with vertex-set V�G� = �x1� � � � � xn	, and let R =
��x1� � � � � xn� be the polynomial ring over a field �. The Alexander dual of the edge
ideal of G in R, i.e., the ideal

J�G� = I�G�∨ = ⋂
xixj∈E�G�

�xi� xj��

is called the cover ideal of G in R. The reason for this name is due to the well-known
fact that the generators of J�G� correspond to vertex covers (see, for example, [20]).
Throughout the paper, we simply denote J�G� by J and always “Let G be a graph,
and let J be the cover ideal of G in R” means that “Let G be a graph with vertex-set
V�G�, and let J be the cover ideal of G in the polynomial ring R = ��V�G��”.

3. SYMBOLIC POWERS

In this section, we deal with the symbolic powers. Let I be a squarefree
monomial ideal in the polynomial ring R = ��x1� � � � � xn� over a field �, and
suppose that I has the primary decomposition

I = �1 ∩ · · · ∩ �r �
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148 CONSTANTINESCU ET AL.

where every �i is an ideal of R generated by a subset of the variables of R. Let k be
a positive integer. The kth symbolic power of I , denoted by I�k�, is defined to be

I�k� = �k1 ∩ · · · ∩ �kr �

Let J be the cover ideal of a graph in the ring R, and let k ≥ 2 be an integer.
We state and prove the following theorem, which gives us a necessary and sufficient
condition for R/J�k� to be Cohen–Macaulay in terms of the graph invariants. In the
sequel, for a given graph G, the graph G denotes the complement of G.

Theorem 3.1. Let G be a graph, and let J be the cover ideal of G in R.

(1) The following statements are equivalent:

(a) The ring R/J�2� is Cohen–Macaulay;
(b) Every path and cycle with more than 3 vertices in G has a chord.

(2) Let k ≥ 3. Then the following statements are equivalent:

(c) The ring R/J�k� is Cohen–Macaulay;
(d) Any pair of disjoint edges of G is contained in a cycle of length 4.

Proof. The item (2) is proved in [32, Corollary 5.7]. For proving the item (1),
we use polarization. Let J ′ be the polarization of J�2�, which we consider it in the
new polynomial ring T = ��x1� � � � � xn′ �. It is known that the ring R/J�2� is Cohen–
Macaulay if and only if the ring T/J ′ is Cohen–Macaulay (see, for example, [13,
Proposition 2.8] or [14]).

We now claim that J ′ is the cover ideal of a graph. In order to prove the claim,
it is enough to show that J ′ is an unmixed monomial ideal of height two in T . To
prove the unmixedness of J ′, we show that the height of every associated primes
of J ′ is equal to two. Using the fact that polarization preserves the intersection
(see [13, Proposition 2.3]), we may deal only with ideals in the form of I = �xi� xj�
in R. It is clear that R/I is Cohen–Macaulay. Let I ′ be the polarization of I2

in the polynomial ring R′. Then R′/I ′ is Cohen–Macaulay. Since the projective
dimension of R/I is equal to two, the projective dimension of T/I ′ is also equal to
two and so depth�T/I ′� = n′ − 2. This implies that max�ht��� 	 � ∈ Ass�T/I ′�	 = 2�
Since ht�I ′� = 2, we conclude that the height of every associated prime ideal of T/I ′

is equal to two and this proves that I ′ is unmixed and so J ′ is also unmixed. On
the other hand, polarization preserves the height of an ideal and so we conclude
that ht J ′ = ht J�2� = ht J = 2. Thus the claim holds, i.e., there exists a graph,
say G′, such that the cover ideal of G′ is J ′. Therefore, the ring T/J ′ is Cohen–
Macaulay if and only if the complement of G′, i.e., G′, is a chordal graph (see
[2, Proposition 2.1]).

The above observations imply that, in order to prove (1), it is enough to show
that

the graph G′ is chordal ⇐⇒ every path and cycle with more than 3

vertices in G has a chord�
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POWERS OF COVER IDEALS 149

We complete the proof of theorem by giving a proof for the above statement.
Let I �= �xi� xj�, and let I ′ be the polarization of I2 in the polynomial ring R′. One
can easily show that

I ′ = �xi1� xj1� ∩ �xi1� xj2� ∩ �xj1� xi2�

is the irreducible primary decomposition of I ′. The above observation shows that
the graph G′, in fact, is a graph which is obtained from the graph G in such a way
that every edge of G, say xixj , is replaced by the set �xi1xj1� xi1xj2� xj1xi2	 of edges.

Proof of (�⇒). Using Theorem 2.6 of [21], we conclude that R/
√
J�2� = R/J is

Cohen–Macaulay, and so by [2, Proposition 2.1], the graph G is chordal. Therefore,
every cycle with more than 3 vertices in G has a chord. Now suppose, on the
contrary, that there exists a path P in G with at least four vertices and no chord:

P � y1y2 · · · ym�

where m ≥ 4. We now consider the cycle

C � y11y21 · · · ym1
ym2

y12y11

in G′. Since P is a path with no chord in G, the only chords of C are ym−11
ym2

and
y12y21 . Therefore, the cycle

C ′ � ym−11
ym2

y12y21y31 · · · ym11

has no chord. This implies that G′ is not chordal, a contradiction. Therefore, every
path and cycle with more than 3 vertices in G has a chord.

Proof of (⇐�). Suppose, on the contrary, that G′ is not a chordal graph.
Therefore, G′ has a cycle with at least 4 vertices and no chord, say

C � y1y2 · · · ytyt+1 = y1�

Since for every i �= j, the vertices xi2 and xj2 are connected in G′ and also every path
and cycle with more than 3 vertices has a chord in G, we conclude that t ≤ 5. Hence,
one of the following cases occurs.

Case 1: t = 5. In this case, C is a cycle in the following form:

C � xi1xj1xk1xl2xs2xi1 �

If k = l (resp. s = i), then xj1 is adjacent to xl2 (resp. xj1 is adjacent to xs2 ), which
is a contradiction, since the cycle C has no chord. Therefore, k �= l and s �= i. Since
xs2xi1 is an edge of G′, xi is not adjacent to xs in G. Also, xi1xj1 and xj1xk1 are edges
of G′ and so xi is not adjacent to xj , and xj is not adjacent to xk in G. Since C has
no chord, xk is adjacent to xs, xj is adjacent to xs, and xi is adjacent to xk in G. This
implies that xsxixjxk is a path in G with no chord, a contradiction.
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150 CONSTANTINESCU ET AL.

Case 2: t = 4. In this case, C is a cycle in one of the following forms:

C � xi1xj1xk1xl2xi1 or xi1xj1xk2xl2xi1 �

In the first form, similar to the Case 1, we conclude that k �= l and i �= l. This implies
that xixjxkxlxi is a cycle in G with no chord, a contradiction. In the second form,
again similar to the Case 1, we conclude that k �= j and i �= l. This implies that
xlxixjxk is a path in G with no chord, again a contradiction.

Since both cases lead to a contradiction, we conclude that G′ is a chordal
graph. This completes the proof of the theorem. �

The following theorem gives us the limit behavior of R/J�k�, where J is the
cover ideal of a bipartite graph in R.

Theorem 3.2. Let G be a bipartite graph, and let J be the cover ideal of G in R.
Also, let k be a positive integer. Then we have depth�R/J�k+1�� ≤ depth�R/J�k��.

Proof. Since G is a bipartite graph, we may partition the vertex-set of G into two
disjoint subsets X = �x1� � � � � xn	 and Y = �y1� � � � � ym	. We have

J = ⋂
xiyj∈E�G�

�xi� yj��

and so we conclude that

J�k+1� = ⋂
xiyj∈E�G�

�xi� yj�
k+1�

We know that polarization commutes with the intersection (see [13, Proposition
2.3]). Therefore, the polarization of J�k+1� is an ideal in the polynomial ring

S = ��x11� � � � � xn�k+1�� y11� � � � � ym�k+1���

and it is equal to (
J�k+1�

)
pol

= ⋂
xiyj∈E�G�

(
�xi� yj�

k+1
)
pol
�

If we replace xi2 and yjk by 1 for every 1 ≤ i ≤ n and 1 ≤ j ≤ m, then the resulting
ideal, say I , is in fact, the localization of

(
J�k+1�

)
pol

at the prime ideal

�xis� yjt 	 1 ≤ i ≤ n� 1 ≤ j ≤ m� 1 ≤ s� t ≤ k+ 1� s �= 2� t �= k��

Now, I is an ideal in a ring, say S′, and it is equal to the polarization of J�k�. We
know that polarization preserves projective dimension and so

pdR�R/J
�k+1�� = pdS

(
S/
(
J�k+1�

)
pol

)
≥ pdS′�S

′/I�

= pdR�R/J
�k���
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Therefore, by using Auslander–Buchsbaum formula, we conclude that
depth�R/J�k+1�� ≤ depth�R/J�k��, as required. �

We continue the paper with the definition of the size of a monomial ideal (see
[23]). Then we state and prove a lemma which is useful to the proof of Theorem 3.5.

Definition 3.3. Let R = ��x1� � � � � xn� be the polynomial ring in n variables over
a field �, and let I be a monomial ideal of R. Let I = ⋂r

j=1 Qj be an irredundant
primary decomposition of I , where Qj (1 ≤ j ≤ r) is a monomial ideal of R. Let h
be the height of

∑r
j=1 Qj , and denote by v the minimum number t such that there

exist 1 ≤ j1� � � � � jt ≤ r with

√
t∑

i=1

Qji
=

√√√ r∑
j=1

Qj�

Then the size of I is defined to be v+ n− h− 1.

Lemma 3.4. Let G be a graph, and let J be the cover ideal of G in R. Also, let k be
a positive integer. Then the size of J�k� is equal to �′�G�− 1.

Proof. We know that

J�k� = ⋂
xixj∈E�G�

�xi� xj�
k�

Let � = �x1� � � � � xn� be the maximal ideal of R. Note that the height of � is equal to
n = 	V�G�	. On the other hand,

∑
xixj∈E�G��xi� xj�

k is an �-primary ideal of R. Since
for every subset S of E�G� the equality

√ ∑
xixj∈S

�xi� xj�
k =

√ ∑
xixj∈E�G�

�xi� xj�
k = �

holds true if and only if S is an edge covering of G, we conclude that the size of J�k�

is equal to �′�G�− 1, as required. �

We are now ready to state and prove the following theorem.

Theorem 3.5. Let G be a graph, and let J be the cover ideal of G in R. Also, let k
be a positive integer. Then the following statements hold:

(a) �′�G�− 1 ≤ min
k≥0

depth�R/J�k�� ≤ n− ara J ;

(b) ara J ≤ 
′�G�+ 1.

Proof. For proof of (a), by Proposition 3 of [23], for every squarefree monomial
ideal I of R, we have the following inequalities:

n− depth�R/I� ≤ ara I ≤ n−min
k≥0

depth�R/I�k���
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This implies that

min
k≥0

depth�R/J�k�� ≤ n− ara J�

On the other hand, by Proposition 2 of [23], for every monomial ideal I of R,
the quantity depth�R/I� is grater than or equal to the size of I . Therefore, by
Lemma 3.4, we have

min
k≥0

depth�R/J�k�� ≥ �′�G�− 1�

For proof of (b), note that by Theorem 7.2 of [4], for every graph G we have

′�G�+ �′�G� = n. Therefore, by part (a), we conclude that ara J ≤ 
′�G�+ 1, as
required. �

4. ORDINARY POWERS

Recently, there are many works on Cohen–Macaulayness of powers of
squarefree monomial ideals (see, for example, [10, 25–28, 32–34]). In this section, we
focus on Cohen–Macaulayness of powers of the cover ideals of graphs.

We first prove the following lemma which is useful for the proof of subsequent
theorem.

Lemma 4.1. Let 
 be a simplicial complex on �n�, and let I
 ⊆ R = ��x1� � � � � xn�
denote the Stanley–Reisner ideal of 
. Also, let k ≥ 2 be an integer. Suppose R/Ik
 is
Cohen–Macaulay for every field �. Then 
 is Gorenstein for every field �.

Proof. Set d = dim
+ 1. First, assume that d = 1. Then one can take a complete
graph G such that I�G� = I
. Since R/I�G�k is Cohen–Macaulay, I�G��k� = I�G�k

and so G does not contain any triangle by [27]. Therefore, 	V�
�	 = 	V�G�	 ≤ 2
which implies that 
 is Gorenstein.

Second, assume that d ≥ 2. We may assume 
 is not a cone, i.e., every xi is a
zero-divisor in R/I
. Since R/Ik
 is Cohen–Macaulay, R/I
 is Cohen–Macaulay by,
for example, [21, Introduction]. Let F be a face of 
 such that dim � = 1, where we
set � = lk
�F�. Since R/Ik� is Cohen–Macaulay, either � is a cycle of length three,
four, or five, or a path with two or three vertices by [25, Corollaries 3.4 and 3.5].
Therefore � is Gorenstein.

Now suppose that the characteristic of � is two. By [31, Chapter II, Theorem
5.1], 
 is Gorenstein over �. Then the reduced Euler characteristic �̃�
� of 
 is
�−1�d−1.

Now, let � be an arbitrary field. We have �̃�
� = �−1�d−1, since �̃�
�
is independent of �. Therefore, 
 is Gorenstein over � by [31, Chapter II,
Theorem 5.1]. �

Remark 4.2. The above proof is a simplified generalized version of the proof in
[28]. In [32] another proof is given for a similar statement.

We now prove the following theorem which gives us a necessary and sufficient
condition for R/Jk to be Cohen–Macaulay, where J is the cover ideal of a graph.
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Theorem 4.3. Let G be a graph, and let J be the cover ideal of G in R. Also, let
k ≥ 2 be an integer. Then the following statements are equivalent:

(a) The ring R/Jk is Cohen–Macaulay;
(b) The ring R/J is Gorenstein;
(c) The ring R/J is complete intersection;
(d) The graph G is complete bipartite.

Proof. �a �⇒ b�: Note that the Cohen–Macaulayness of the ring R/Jk is
independent of the base field, since Jk is a monomial ideal with height two. Hence,
we are done by Lemma 4.1.

�b �⇒ c�: Since the codimension of the ring R/J is equal to two, the
Gorenstein property of R/J implies its complete intersection property by [29,
Proposition 3].

�c �⇒ d�: Since the ring R/J is complete intersection of codimension two,
the squarefree monomial ideal J is of the form �m1�m2�, where m1 = x1x2 · · · xs and
m2 = y1y2 · · · yt are mutually coprime squarefree monomials. Therefore, G is the
complete bipartite graph with the partite sets �x1� x2� � � � � xs	 and �y1� y2� � � � � yt	.

�d �⇒ a�: Since the graph G is complete bipartite, the ring R/J is complete
intersection. Therefore, by [1, 9, 36], R/Jk is Cohen–Macaulay. �

By using Theorem 3.2, the numerical function f�k� = depth�R/J�k��, when J is
the cover ideal of a bipartite graph, is nonincreasing. Thus it has a limit when k −→
�. In the following, we compute this limit. In order to do this, we first introduce
some definitions and remarks.

Definitions and Remarks 4.4. Let G be a graph, and let M = ��ai� bi	 	 1 ≤ i ≤ r	
be a nonempty matching of G. We say that M is an ordered matching of G if the
following hold:

(1) A �= �a1� � � � � ar	 ⊆ V�G� is a set of independent vertices of G; and
(2) aibj ∈ E�G� implies that i ≤ j.

In this case, the set A is called a free parameter set of G and B = �b1� � � � � br	 ⊆ V�G�
is called a partner set of A. The ordered matching number of G, denoted by �o�G�, is
defined to be

�o�G� = max�	M	 	M ⊆ E�G� is an ordered matching of G	�

The notion of ordered matching was introduced by the first author together
with Varbaro in [8]. It was proven in the same paper that the Krull dimension of the
symbolic fiber cone of the cover ideal is equal to the ordered matching number +1.
As we use the ordered matching number for bipartite graphs, it is worth mentioning
that this notion extends the notion of graphical dimension introduced by Benedetti
and the two above-mentioned authors [3] for bipartite graphs only. In [8] it is shown
that for bipartite graphs the graphical dimension +1 and the ordered matching
number coincide. This means that, if V�G� = V1 ∪ V2 is a partition of the vertex-set,
then one can choose A ⊆ V1 and B ⊆ V2.
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We are now ready to state and prove the following theorem.

Theorem 4.5. Let G be a bipartite graph, and let J be the cover ideal of G in R.
Also, let k be a positive integer. Then the following statement holds:

lim
k→�

depth�R/J�k�� = lim
k→�

depth�R/Jk� = n− 1− �o�G��

Proof. By Corollary 2.6 of [16], we have J�k� = Jk. Also, by a classical result of
Burch [7], we have

min
k≥0

depth�R/Jk� ≤ n− ��J��

where ��J� is the analytic spread of J . Thus we conclude that

lim
k→�

depth�R/J�k�� = lim
k→�

depth�R/Jk� ≤ n− ��J� = n− 1− �o�G��

where the last equality holds true by Corollary 2.9 of [8]. By Theorem 4.2 of [20],
the Rees algebra ��J� is Cohen–Macaulay. Therefore, the associated graded ring
grJ �R� is Cohen–Macaulay, and so by Theorem 1.2 of [19], we have

lim
k→�

depth�R/J�k�� = lim
k→�

depth�R/Jk� = n− 1− �o�G��

as required. �

The ordered matching number has lower and upper bounds given by some
well-known graph invariants. Using these bounds we obtain an easy consequence of
Theorem 4.5. First, we introduce two definitions from graph theory.

Definitions 4.6. Let G be a graph. A subset S of V�G� is called a paired-dominating
set of G if every vertex of G is adjacent to some vertex of S and if the subgraph
induced by S has at least one perfect matching. The minimum cardinality of a
paired-dominating set is called the paired-domination number of G and is denoted
by �P�G�.

The following inequalities hold true by Theorem 4.5 and [8, Remark 2.4].

Corollary 4.7. Let G be a bipartite graph, and let J be the cover ideal of G in R.
Also, let k be a positive integer. Then the following statement holds:

n− 1− 
′�G� ≤ lim
k→�

depth�R/J�k�� = lim
k→�

depth�R/Jk� ≤ n− 1− �P�G�

2
�

In [8, Proposition 2.10], it is shown that if a graph is a tree, then the ordered
matching number and the matching number coincide. This implies the following
corollary.
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Corollary 4.8. Let G be a tree, and let J be the cover ideal of G in R. Also, let k be
a positive integer. Then the following statement holds:

lim
k→�

depth�R/J�k�� = lim
k→�

depth�R/Jk� = n− 1− 
′�G��

5. BRACKET POWERS

In this section, we deal with the bracket powers. Let I = �f1� � � � � fm� be a
monomial ideal in the polynomial ring R = ��x1� � � � � xn� over a field �, and let k
be a positive integer. The kth bracket power of I , denoted by I�k�, is defined to be

I�k� = �f k
1 � � � � � f

k
m��

We now introduce the lcm-lattice of a monomial ideal. Let R be as above, and
let I be a monomial ideal minimally generated by monomials m1� � � � � md. We denote
by LI the lattice with elements labeled by the least common multiples of m1� � � � � md

ordered by divisibility. In particular, the atoms in LI are m1� � � � � md, the maximal
element is lcm�m1� � � � � md�, and the minimal element is 1 regarded as the lcm of the
empty set. The least common multiple of elements in LI is their join, i.e., their least
common upper bound in the poset LI . We call LI the lcm-lattice of I . Gasharov,
Peeva, and Welker have proven that the lcm-lattice of a monomial ideal determines
its free resolution and therefore its projective dimension (see [15, Theorem 3.3]).

We close the paper by the following two results.

Theorem 5.1. Let R = ��x1� � � � � xn� be the polynomial ring over a field �, and let I
be a monomial ideal of R. Also, let k be a positive integer. Then we have depth�R/I� =
depth�R/I�k��.

Proof. Note that I and I�k� have the same lcm-lattice and thus the same projective
dimension. Therefore, pdR�R/I� = pdR�R/I

�k��, and so Auslander–Buchsbaum
formula completes the proof. �

Corollary 5.2. Let G be a graph, and let J be the cover ideal of G in R. Also, let k
be a positive integer. Then the following statements are equivalent:

(a) The ring R/J�k� is Cohen–Macaulay;
(b) The graph G is chordal.

Proof. The ring R/J�k� is Cohen–Macaulay if and only if depth�R/J �k�� = n− 2.
Therefore, by using the above theorem, R/J�k� is Cohen–Macaulay if and only if
depth�R/J� = n− 2 if and only if G is a chordal graph (see [2, Proposition 2.1]). �
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