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ABSTRACT. Let R be a finite commutative ring with nonzero identity. The unit
graph of R is the graph obtained by setting all the elements of R to be the vertices
and defining distinct vertices  and y to be adjacent if and only if  + y is a unit
element of R. In this paper, a classification of finite commutative rings with nonzero
identity in which their unit graphs have domination number less than four is given.

1. INTRODUCTION

Throughout the paper by a graph we mean a finite undirected graph without loops
or multiple edges. Also, all rings are finite commutative with nonzero identity and
all fields are finite. Therefore, in this paper, we restrict ourselves to the finite case,
although some of the results hold true in the infinite case. For undefined terms and
concepts, the reader is referred to [12] and [2)].

Let G be a graph with vertex set V. A subset D of V is called a dominating set of
G if every vertex in V' \ D is adjacent to at least a vertex in D. In other words, D
dominates the vertices outside D. A ~-set of G is a minimum dominating set of G,
that is, a dominating set of G whose cardinality is minimum. The domination number
of G, denoted by v(G), is the cardinality of a v-set of G. The study of domination
has long been a topic of interest both in graph theory and complexity theory. It was
first considered by Ore who introduced the concept of minimum dominating sets of
vertices in a graph. The dominating set problem concerns testing whether v(G) < k
for a given graph GG and integer k. The problem is a classical NP-complete decision
problem in computational complexity theory (see, for example, [3]). Therefore, it is
believed that there is no efficient algorithm that finds a smallest dominating set of a
given graph. The first volume of the two-volume book by Haynes, Hedetniemi and
Slater [5], 6] provides a comprehensive introduction to “domination in graphs”.
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In this paper, we consider graphs which are generated by rings, known as unit
graphs. We then give a classification of rings in which their unit graphs have domi-
nation number less than four.

2. PRELIMINARIES AND THE STATEMENT OF THE MAIN RESULT

Let n be a positive integer and Z, be the ring of integers modulo n. Grimaldi [4]
defined a graph G(Z,,) based on the elements and units of Z,. The vertices of G(Z,,)
are the elements of Z, and distinct vertices z and y are defined to be adjacent if
and only if  + y is a unit of Z,. For a positive integer m, it follows that G(Z,,,) is
a ¢(2m)-regular graph, where ¢ is the Euler phi function. In case m > 2, G(Zay,)
can be expressed as the union of ¢(2m)/2 Hamiltonian cycles. The odd case is not
very easy, but the structure is clear and the results are similar to the even case. We
recall that a cone over a graph is obtained by taking the categorical product of the
graph and a path with a loop at one end, and then identifying all the vertices whose
second coordinate is the other end of the path. When p is an odd prime, G(Z,) can
be expressed as a cone over a complete partite graph with (p — 1)/2 partitions of
size two. This leads to an explicit formula for the chromatic polynomial of G(Z,).
The paper [4] also concludes with some properties of the graphs G(Z,m ), where p is a
prime number and m > 2.

Recently, Ashrafi et al. [I] generalized G(Z,) to G(R), the unit graph of R, where
R is an arbitrary ring and studied the properties of this graph. Later, more properties
of the unit graph of a ring and its applications were given in [7, 8 [9]. Let us first
define this notion.

Definition 2.1. Let R be a ring and U(R) be the set of unit elements of R. The unit
graph of R, denoted by G(R), is the graph obtained by setting all the elements of R

to be the vertices and defining distinct vertices  and y to be adjacent if and only if
r+ye UR).

For a given ring R, if we omit the word “distinct” in the definition of the unit graph
G(R), we obtain the closed unit graph of R which is denoted by G(R). This graph
may have loops and if 2 ¢ U(R), then G(R) = G(R).

The graphs in Fig. [I] are the unit graphs of the rings indicated.

0 0 1 10 11
1 2
1 2 3 2 01 00
G(Zg) G(Z4) G(ZQ X ZQ) E(Zg)

F1GURE 1. The unit graphs of some specific rings.
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It is easy to see that, for given rings R and S, if R = S as rings, then G(R) = G(5)
as graphs. This point is illustrated in Fig. [2| for the unit graphs of two isomorphic
rings Zs X Zo and Zg.

00 0
11 21 )
10 20 = 2 4
01 3
G(Zg X Zz) G(ZG)

F1GURE 2. The unit graphs of two isomorphic rings.

For a graph G, let V(G) denote the set of vertices of G. Let G} and G5 be two
vertex-disjoint graphs. The categorical product of G; and G, is denoted by G xGs.
That is, V(G1xGs) := V(G1) x V(Gy) and two distinct vertices (z,y) and (2, y') are
adjacent if and only if x is adjacent to 2’ in Gy and y is adjacent to y' in G5. Clearly,
for given rings R; and Ry, two distinct vertices (x,%) and (2, ') of G(R;)xG(Ry) are
adjacent if and only if x is adjacent to 2’ in G(R;) and y is adjacent to 3’ in G(Ry).
This implies that G(R,)xG(Ry) = G(R; x Ry).

In Fig. 3] we illustrate the above point for the direct product of Z, and Zs.

00 0
0 0 11 21 5 1
| , X ~ 10 20 ~ 9 4
1
01 3
6(23) E(Zg) G(Zg X ZQ) G(ZG)

F1GURE 3. The categorical product of two closed unit graphs.

We are now in a position to state the main result of this paper.
Theorem 2.2. Let R be a ring. Then the following statements hold true for the unit
graph G(R):
(1) v(G(R)) =1 if and only if R is a field.
(2) Y(G(R)) = 2 if and only if either R is a local ring which is not a field, R is

isomorphic to the product of two fields such that only one of them has charac-
teristic 2, or R = Zy X F, where F is a field.
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(3) Y(G(R)) = 3 if and only if R is not isomorphic to the product of two fields such
that only one of them has characteristic 2, and R = Ry X Ry, where fori=1,2,
R; is a local ring with mazimal ideal my; in such a way that R;/m; 2 Zs.

The rest of the paper is organized as follows. In Section 3| we deal with unit graphs
associated with products of fields. By the results of this section, we give a proof for
parts (1) and (2) of Theorem [2.2] In Section [4] we deal with unit graphs associated
with products of local rings. The results of this section lead to a proof for part (3) of
Theorem 2.2} In both sections, we state and prove some lemmas that will be used in
the proof of Theorem [2.2] Furthermore, for the convenience of the reader, we state
without proof a few known results in the form of propositions which will be used in
the proofs. We also recall some definitions and notations concerning graphs for later
use.

3. UNIT GRAPHS ASSOCIATED WITH PRODUCTS OF FIELDS

We start this section by unit graphs associated with fields. The following lemma
gives us the domination number of such graphs.

Lemma 3.1. Let F be a field. Then v(G(F)) = 1.

Proof. Since F is a field, every nonzero element of F is a unit element of F. That is,
for every z € F\ {0}, 2 = 2+ 0 € U(F) and so z is adjacent to 0. Hence, every
nonzero element of F is adjacent to 0 and so D = {0} is a dominating set of G(F)
with, of course, minimum cardinality. Therefore, we conclude that v(G(F)) =1. O

The degrees of all vertices of a unit graph is given by the following proposition. We
recall that for a graph G and for a vertex = of G, the degree of x, denoted by deg(z),
is the number of edges of GG incident with z.

Proposition 3.2 ([1], Proposition 2.4). Let R be a ring. Then the following state-
ments hold true for the unit graph G(R):

(1) If 2 ¢ U(R), then deg(z) = |U(R)| for every x € R.
(2) If2 € U(R), then deg(z) = |U(R)|—1 for every x € U(R) and deg(z) = |U(R)|
for every x € R\ U(R).
We are now ready to prove part (1) of Theorem , that is:
Theorem 3.3. Let R be a ring. Then v(G(R)) = 1 if and only if R is a field.

Proof. (=): Let v(G(R)) = 1 and consider D = {z} as a y-set of G(R). We claim
that deg(z) = |U(R)|. In order to prove the claim, we first suppose that x = 0. In
this case, z ¢ U(R) and so by Proposition [3.2] we have deg(z) = |U(R)|. Second,
we suppose that  # 0. Note that we have x = —z; otherwise, since D = {z} is a
dominating set of G(R), —x is adjacent to x and so —x + x = 0 € U(R), which is a
contradiction. Hence, 22 = 0, which together with x # 0, imply that 2 ¢ U(R). Now,
by Proposition [3.2(1), we conclude that deg(z) = |U(R)|. Therefore, the claim holds
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true. On the other hand, since D = {z} is a dominating set of G(R), every element
of R\ {z} is adjacent to z and so deg(z) = |R| — 1. Therefore, |U(R)| = |R| — 1,
which implies that R is a field.

(«): This implication, by Lemma is obvious. O

We now state and prove some results that will be needed in the proof of part (2)
of Theorem 2.2 In Lemmas and [3.6], we give a lower bound for the domination
number of two classes of unit graphs associated with products of two fields. Lemma
3.5 is useful for this purpose.

Lemma 3.4. Let Fy and Fy be two fields in which both of them have characteristic 2
and none of them is isomorphic to Zs. Then v(G(F; x Fy)) > 3.

Proof. Suppose, in contrary, that v(G(F; x Fy)) < 2. Therefore, the unit graph
G(F; x Fy) has a dominating set in the form of D = {(x,z2), (z3,74)}, where
x1,x3 € Fy, x9,24 € Fy and (xq1,22) # (x3,74). Hence, we have either z; # w3
or To # Ty.

Case 1: Suppose that z; # x3. The assumption Char(F;) = Char(Fy) = 2 implies
that

(1, 24) + (21, 22) = (0,24 + x2) ¢ U(F; x F) and
(x1,24) + (z3,24) = (21 + 23,0) ¢ U(F; x Fy).

Hence, (x1,x4) is not adjacent to the elements of D. Therefore, (z1,x4) € D and
so (x1,24) = (21,29) or (21,24) = (x3,24). Now, x; # x3 implies that the second
equality does not hold and so the first one holds. Therefore, we have x4 = x5 and so
D = {(x1,22), (z3,22)}. Let a € Fy be given. Then Char(Fy) = 2 implies that

(a,x9) + (21, 22) = (a+ 21,0) ¢ U(F; x Fy) and
(a,x9) + (x3,22) = (a + x3,0) ¢ U(F; x Fy).

Hence, (a,x2) is not adjacent to the elements of D. Therefore, (a,z2) € D and so
(a,x9) = (x1,22) or (a,x2) = (x3,22). This implies that a = 21 or a = x3. Since
a € Fy is arbitrary, we conclude that F; = {1, x3} = Z,, which is a contradiction.

Case 2: Suppose that xy # x4. By a similar argument as in Case 1, this case leads
to Fy = {29, 24} = Zy, which is again a contradiction.

Therefore, we conclude that v(G(F; x Fy)) > 3, as required. O

Lemma 3.5. Let Fy and Fy be two fields. If Char(Fy) # 2 and a € Fy, then Dy =
{(a,0),(—a,0)} is not a dominating set of the unit graph G(F; x Fy). If Char(Fy) # 2
and b € Ty, then Dy = {(0,b),(0,—b)} is not a dominating set of the unit graph
G(Fl X Fg)

Proof. We prove the first part. The proof of the second part is similar. Suppose, in
contrary, that D; = {(a,0), (—a,0)} is a dominating set of the unit graph G(F; x Fy).



6 S. KIANI, H. R. MAIMANI, M. R. POURNAKI, AND S. YASSEMI

Since Char(F;) # 2, |F,| > 3 and so we may choose x € F; for which x # a and
x # —a. Now, we have

(,0) + (a,0) = (r 4+ a,0) ¢ U(F; x Fy) and
(ZL’,O) + (—(I,O) = (ZU - (I,O) ¢ U(Fl X F?)
Hence, (z,0) is not adjacent to the elements of D;. Therefore, (z,0) € D; and so
(x,0) = (a,0) or (z,0) = (—a,0). Hence, x = a or x = —a, which contradicts z # a
and x # —a. Therefore, D; is not a dominating set of the unit graph G(F; x Fy). O

Lemma 3.6. Let Fy and Fy be two fields in which none of them has characteristic 2.
Then v(G(Fy x Fy)) > 3.

Proof. Suppose, in contrary, that v(G(F; x Fy)) < 2. Therefore, the unit graph
G(F; xFy) has a dominating set in the form of D = {(z1, x2), (x3,4)}, where 21, x5 €
]Fl, To, Ty € ]FQ and ((L’l,.IQ) 7é (%3,%‘4). Note that

(—ZEl, —ZE4) + ($1, SBQ) = (O, —Xy + 932) ¢ U(Fl X Fg) and
(—.Tl, —LL’4) + ($3,I4) = (—$1 -+ Zs3, O) ¢ U(Fl X Fg)

Hence, (—x1, —x4) is not adjacent to the elements of D. Therefore, (—xy, —x4) € D
and so (—z1, —x4) = (x1,22) or (—x1, —x4) = (x3,24). Also,

(—x3, —x2) + (21, 22) = (—x3 + 21,0) ¢ U(F; x Fy) and
(=3, —x2) + (z3,74) = (0, —z2 + 24) & U(Fy x Fy).
Hence, (—x3, —x2) is not adjacent to the elements of D. Therefore, (—x3, —22) € D

and so (—x3, —y) = (v1,%2) or (—x3,—x2) = (r3,74). Hence, one of the following
four possibilities occurs:

(1) (—x1, —z4) = (21, 22) and (—x3, —x2) = (21, T2),
(2) (—x1, —x4) = (x3,24) and (—x3, —x2) = (T3, 24),
(3) (—x1, —x4) = (x3,24) and (—x3, —x2) = (21, 22), Or
(4) (—x1, —z4) = (1, 72) and (—z3, —x2) = (23, 74)

The first two cases lead to z7 = x93 = 23 = x4 = 0, which contradicts (zq,x2) #
(x3,24). The third case leads to 1 = —z3 := a and xy = x4 = 0. Therefore, D =
{(a,0),(—a,0)}, which contradicts Lemma [3.5] The fourth case leads to z; = x5 = 0
and xo = —x4 := b. Therefore, D = {(0,b), (0, —b)}, which again contradicts Lemma
3.5. Therefore, we conclude that v(G(F; x Fy)) > 3, as required. O

In Lemma |3.12 we prove that the domination number of unit graphs associated
with products of three fields is equal to four. The following results are useful for this
purpose.

We recall that a bipartite graph is one whose vertex set is partitioned into two (not
necessarily nonempty) disjoint subsets, called partite sets, in such a way that the two
end vertices for each edge lie in distinct partite sets.
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Proposition 3.7 ([1], Theorem 3.5). Let R be a ring and m be a maximal ideal of R
such that |R/m| = 2. Then the unit graph G(R) is a bipartite graph with partite sets
Vi=mand Vo =R\ m.

Lemma 3.8. Let Fy, Fy and F3 be three fields such that one is isomorphic to Zo, one
is mot isomorphic to Zy and the latter one has characteristic 2. Then v(G(F; x Fy X
F3)) > 4.

Proof. Without loss of generality, we may assume that F; 2 Z,, Char(F,) = 2 and
F3 = Z,. Since F; x Fy x F3 is a ring with maximal ideal F; x Fy x {0} such
that [(F; x Fy x F3)/(IF; x Fo x {0})] = 2, Proposition [3.7| implies that the unit graph
G(F; xFy x F3) is bipartite with partite sets V3 = Fy xFy x {0} and V5 = Fy xFy x {1}.
This implies that |V;]| = [V5| = |Fy x Fy|.

Assume now, in contrary, that v(G(F; x Fo xF3)) < 3 and consider D with |D| = 3
as a dominating set of G(F; x Fy x F3). Note that |F;| > 3, therefore |F; x Fo| > 6
and so |Vi| = V3| > 6. Now, |D| = 3 implies that D cannot completely lie either in
Vi or Vo, Hence, DNV # () and D NV, # (. This implies that either |D N V| =1
or |[D N Vy| = 1. Without loss of generality, suppose |D N Vi| = 1 is the case. Since
DNV CV; =T xFy x {0}, we may consider DNV} = {(z,y,0)} with z € Ty
and y € Fy. Since |F;| > 3, we may choose three distinct elements 1, xo and z3 of
F;. Therefore, (x1,y,1), (x2,y,1) and (z3,y, 1) are three distinct elements of V5. But
Char(FFy) = 2 implies that for i = 1,2, 3,

(Iiaya ]-) + (ZL’,y70) = (xl + ZE,O, ]-) ¢ U<F1 X ]F2 X ]F3)
and so (x;,y, 1) is not adjacent to (z,y,0). Hence, for i = 1,2, 3, (z;,y,1) € D and so
|D| > 4, which is a contradiction. This shows that v(G(F; x Fy x F3)) > 4. O

We need the following result from [I1] for later use. Note that in [I1], the author
has used a different notion of product. But it causes no problem here as loops have
no influence on the domination number. Here, K; denotes the graph with one vertex
and no edges.

Proposition 3.9 ([11], Theorem 3.1 and Proposition 4.1). Let G and H be two graphs.
Then v(GxH) > v(G) +v(H) — 1. Moreover, if the equality holds and v(G) = 1,
then G = Ky and H is an edgeless graph.

Lemma 3.10. Let R be a ring and F be a field. Then v(G(R x F)) > ~v(G(R)).
Proof. By using Proposition 3.9, we conclude that
Y(G(R)xG(F)) > v(G(R)) +~(G(F)) — 1.

Note that, again by Proposition [3.9} if the equality holds, then since, by Lemma
3.1, 7(G(F)) = v(G(F)) = 1, we obtain that G(F) = Kj, which is a contradiction.
Therefore, the equality does not hold, that is,

V(G(R)xG(F)) > v(G(R)) +~(G(F)) — 1 =+(G(R)).
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Now, since for every ring S, 7(G(S)) = 7(G(S)), we conclude that
YNGR xF)) =(G(R)xG(F)) > 7(G(R)) = +(G(R)),
as required. O

Lemma 3.11. Let Fy, Fy and F3 be three fields. If a € Fy, b € Fy and ¢ € F3 are
nonzero elements, then D = {(0,0,0), (—a,—b,0), (a,0,—c), (0,b,¢)} is a dominating
set of the unit graph G(Fy x Fy x F3).

Proof. A given element in (F; x Fy x F3) \ D has one of the following forms, where
x € Fy, y € Fy and z € F3 are nonzero elements: either (z,0,0), (0,y,0), (0,0, 2),
(z,y,0) with x # —a or y # —b, (x,0,z) with x # a or z # —¢, (0,y, z) with y # b or
z# ¢, or (x,y,2).
For (x,0,0), we have
(,0,0) 4+ (0,b,¢) = (z,b,¢c) € U(F; x Fy x F3)

and so (x,0,0) is adjacent to (0,b,c). By a similar argument, we obtain that (0, y,0)
is adjacent to (a,0,—c) and (0,0, z) is adjacent to (—a, —b,0).

For (z,y,0) with x # —a or y # —b, we have either

(z,y,0) + (a,0,—c) = (x + a,y, —c) € U(F; x Fy x F3) or
(I’,y,O) + (O,b,C) = (I‘,y—f—b,C) € U(Fl X [Fy X Fg)

This implies that (x,y,0) with z # —a or y # —b is adjacent to (a,0, —c) or (0,b,c).
By a similar argument, we obtain that (z,0, z) with  # a or z # —c is adjacent to
(—a,—b,0) or (0,b,¢). Also, (0,y, z) with y # b or z # ¢ is adjacent to (—a, —b,0) or
(a,0,—c).

Finally, for (z,y, z), we have

(l’,y,Z) + (07070) = ([E,y,Z) S U(Fl X IFZ X IF?))

and so (z,v, z) is adjacent to (0,0,0).
Therefore, D is a dominating set of the unit graph G(F; x Fy x Fj). O

Lemma 3.12. Let Fy, Fy and F3 be three fields. Then v(G(Fy x Fy x F3)) = 4.

Proof. We first show that v(G(F; x Fy x F3)) > 4. In order to do this, note that
there are two possibilities: either at least two of Fy, Fy and F3, say F; and Fy, have
characteristic 2, or at least two of F;, Fy and F3, say again F; and Fs, do not have
characteristic 2.

First, assume that Char(FF;) = 2 and Char(Fs) = 2. Now, one of the following cases
may occur:

Case 1: Both of F; and Fy are isomorphic to Zs. In this case, if F3 = Z,, then
it is easy to see that y(G(F; x Fy x F3)) = 4. If F3 2 Zs, then we have F; = Z,,
Char(Fs) = 2 and F3 2 Z,, and so by Lemma , Y(G(F; x Fo x F3)) > 4.

Case 2: One of IF; or [Fy is isomorphic to Zs and the other one is not, say F; = Z, and
Fy 2 Zs. In this case, if F3 = Zy, then we have Char(F;) = 2, Fy 2 Zy and F3 = Z,,
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and so by Lemma Y(G(Fy x Fy x F3)) > 4. If F3 2 Zy, then we have F; = Z,,
Char(Fy) = 2 and F3 2 Z,, and so again by Lemma 3.8 v(G(F; x Fy x F3)) > 4.

Case 3: None of F; and F, is isomorphic to Zs. In this case, by using Lem-
mas and [3.4] we obtain that v(G(F; x Fay x F3)) > v(G(F; x Fs)) > 3 and so
’Y(G(Fl X Fg X Fg)) Z 4.

Second, assume that Char(F;) # 2 and Char(Fy) # 2. In this case, by using
Lemmas and [3.6] we obtain that v(G(F; x Fy x F3)) > 7(G(F; x Fy)) > 3 and
SO ’}/(G(Fl X ]F2 X F3)) > 4.

All in all, we have proven that y(G(F; x F3 x F3)) > 4 and in view of Lemma[3.11]
we conclude that v(G(IF; x Fy x F3)) = 4, as required. O

In Lemma [3.16, we give a lower bound for the domination number of unit graphs
associated with rings which are products of more than two local rings. The following
results are useful for this purpose.

Lemma 3.13. Let Fq,...,F, be fields. If n > 3, then v(G(Fy; x --- x F,)) > n+ 1.

Proof. We prove the lemma by induction on n. By Lemma the inequality is true
for n = 3 and we assume that it is true for n — 1. Now, by using Lemma [3.10] and the
induction hypothesis, we obtain that y(G(F; x - - - xF,)) > v(G(Fy x---xF,_1)) > n
and so Y(G(Fy x --- xF,)) >n+ 1. O

Lemma 3.14. Let R be a ring. Then v(G(R/J(R))) < v(G(R)), where J(R) denotes
the Jacobson radical of R.

Proof. Let v(G(R)) = n and consider D = {xy,...,x,} as a y-set of G(R). Among
r1+J(R),...,x,+J(R), choose distinct ones and call them x;, +J(R), ..., x; +J(R).
Note that {x;,,...,z; } C {z1,...,2,} and, in particular, & < n. We now claim that
D' ={x;, + J(R),...,x; + J(R)} is a dominating set of the unit graph G(R/J(R)).
In order to prove the claim, let y + J(R) € (R/J(R)) \ D’ be given. Therefore,
y € R\ D and so there exists x, € D such that y is adjacent to z, in G(R), that
is, y + zy € U(R). This implies that (y + J(R)) + (z¢ + J(R)) € U(R/J(R)) and so
y + J(R) is adjacent to x4+ J(R) in G(R/J(R)). But, z;, + J(R) = x;, + J(R) for
some 1 < j < k. Hence, y + J(R) is adjacent to z;, + J(R) in G(R/J(R)) and so the
claim holds true. Therefore, we have yv(G(R/J(R))) < |D'| =k <n=~(G(R)). O

We note that Lemma remains valid for every arbitrary proper ideal of R, but
in this paper we shall apply it in the above form.

Remark 3.15. It is known that every finite commutative ring is isomorphic to a
direct product of local rings (see [10, Page 95]). Thus for a given ring R, we may
write R = Ry X --- X R,, where for every 1 <i <n, R; is a local ring with maximal
ideal m;. It is easy to see that

{RlX"'XRi_lXml‘XRZ‘+1X-"XRn|1§7;§TL}

is the set of all maximal ideals of R; x --+- x R,, and thus we conclude that the
Jacobson radical of R is isomorphic to J(R; X -+ X R,) = my X -+ x m,. Also,
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note that the function f : Ry X -+ x R, — (Ry/my) X --- x (R,/m,), given by
flry,...,rp) = (r1+myq, ..., 7, +m,), is an epimorphism with ker f =my x --- xm,
and thus we have

R QRlx--~><RngR1X R,

J(R) myx---xm, m m,

Lemma 3.16. Let R be a ring and in view of Remark write R Ry X -+ X R,
where for every 1 <i <n, R; is a local ring. If n > 3, then v(G(R)) > n+ 1.

Proof. For every 1 < i < n, let m; be the maximal ideal of R;. By using Remark
3.15] we conclude that R/J(R) = Fy x --- x F,, where for every 1 < i < n, F; is
the field R;/m;. Now, by using Lemmas and [3.13] we conclude that v(G(R)) >
Y(G(R/J(R))) = v(G(Fy x --- x F,)) > n+ 1, as required. O

The following three lemmas are needed for the proof of part (2) of Theorem

Lemma 3.17. Let R be a local ring with maximal ideal m and let x € R. If v ¢ m,
then v € U(R). Ifx € m, then x +1 € U(R). In particular, D = {0,1} is a
dominating set of the unit graph G(R).

Proof. First, let x ¢ m. If x ¢ U(R), then (x) is a proper ideal of R and since R is
local, () € m. Hence, x € m, which contradicts x ¢ m. Therefore, x € U(R).
Second, let x € m. Then x 4+ 1 ¢ m; otherwise, we obtain that 1 € m, which is a
contradiction. Now, by the previous case, z + 1 € U(R).
In particular, for a given a € R, if a ¢ m, then it is adjacent to 0 and if a € m, then
it is adjacent to 1. Therefore, D = {0, 1} is a dominating set of G(R). O

We recall that for a graph G and for a given vertex z € V(G), the neighbor set of

x is the set N(x) := {v € V(G) | v is adjacent to z}.
Lemma 3.18. Let Fy and Fy be two fields with Char(F,) = 2 and Char(Fq) # 2. If
b € Fy is nonzero, then D = {(0,—0b),(1,b)} is a dominating set of the unit graph
G(Fl X Fg)
Proof. Since Char(F,) = 2, we may conclude that 2(1,1) = (0,2) ¢ U(F; x Fy).
Therefore, Proposition [3.2(1) implies that the degree of every element of G(F; x Fy)
is equal to |U(Fy x Fq)| = |U(F)||U(F2)| = (JF1] — 1)(|Fe] — 1). In particular, we
conclude that

N0, =b)[ = [N(1,0)] = ([F1| = 1)(|Fof —1).
Also, for a given element (z,y) € F; x Fy, it is adjacent to both of (0, —b) and (1,b)
if and only if

(;U,y) + (07 _b) = ($,y - b) < U(]Fl X F2) and

(z,y) + (1,b) = (x + 1,y +b) € U(Fy x IFy),
if and only if z # 0, —1 and y # b, —b. Therefore,

N0, -b)NN(1,b) = {(z,y) € Fy xFo | 2 #0,—1 and y # b, —b}.
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Since Char(IFy) # 2 and b € Fy is nonzero, we obtain that
[N(0,=0) A N(1,0)] = ([F1| = 2)(|F2| — 2).
Now, the inclusion-exclusion principle implies that
IN(0,—b) UN(1,b)|] =|N(0,=b)|+ |N(1,b)| —|N(0,—b) N N(1,b)|

= 2(|Fy | = D)(|F2| — 1) — (|F1] = 2)(|F2| —2)

= |Fy||Fs| -2

= |F; x Fy| — 2.
Since

(0, —=b) 4+ (1,b) = (1,0) ¢ U(F; x Fy),

(0, —b) and (1,b) are not adjacent and so (0,—b), (1,b) ¢ N(0,—b) U N(1,b). This
implies that N (0, —b)UN(1,b) = (F; xFy)\D. Therefore, every element of (F; xFy)\ D
is adjacent to at least an element of D, which implies that D is a dominating set of

G(Fl X Fg) ]

Lemma 3.19. Let F be a field. Then D = {(0,0),(1,0)} is a dominating set of the
unit graph G(Zy x ).

Proof. A given element in (Zy x F)\ D has one of the following forms, where y1,y, € F
are nonzero elements: either (0,y;) or (1, ). Since

(0,y1) + (1,0) = (1,41) € U(Zy x F) and

(1,y2) + (0,0) = (1,y2) € U(ZQ X ]F),

(0,y1) is adjacent to (1,0) and (1, y2) is adjacent to (0,0). Therefore, D is a dominating
set of G(Zy x F). O

We are now ready to prove part (2) of Theorem [2.2] that is:

Theorem 3.20. Let R be a ring. Then v(G(R)) = 2 if and only if either R is a local
ring which is not a field, R is isomorphic to the product of two fields such that only
one of them has characteristic 2, or R = Zy X F, where F is a field.

Proof. (=): Let v(G(R)) = 2. By Remark .15 we may write R & Ry X --+ X R,
where for every 1 < i < n, R; is a local ring. If n > 3, then by using Lemma [3.16], we
conclude that 2 = y(G(R)) > n+ 1 > 4, which is a contradiction. Therefore, n < 2
and so either R = Ry or R = Ry X Ry. In the first case, R is a local ring which, by
Lemma (3.1}, is not a field. In the second case, by using Proposition [3.9] and the fact
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that for every ring S, v(G(S)) = v(G(S)), we may conclude that
2

Ry X Ry))
G(R1)xG(Ry))

G(R1)) +7(G(Rs)) — 1
(G(R1) +7(G(Ry)) — 1.

v

~y
~y
=7
~
v

Since for i = 1,2, we have v(G(R;)) > 1, we obtain that
2 <y(G(R)) +v(G(Ry)) <3,

which implies that either v(G(R;)) + 7(G(Rs)) = 2 or v(G(R1)) + 7(G(Ry)) = 3. If
Y(G(R1))+v(G(R2)) = 3 is the case, then one of its terms is equal to one and the other
one is equal to two. For example, say v(G(R1)) = 2 and y(G(Rz)) = 1. Therefore,
by Theorem , we conclude that Ry := Fy is a field and so R = Ry x Fy. Now, by
Lemma[3.10} 2 = v(G(R)) = 7(G(R1 xF2)) > v(G(R1)) = 2, which is a contradiction
and so this case does not hold. Therefore, we have v(G(R;)) + 7(G(Rz)) = 2. This
implies that y(G(R1)) = v(G(Rz)) = 1. Therefore, by Theorem [3.3] we conclude that
Ry := F; and Ry := Fy are fields and also R = [F; x Fy. Now, in view of Lemmas
and [3.6], either R is isomorphic to the product of two fields such that only one of
them has characteristic 2, or R =2 Zy X F, where F is a field.

(<): Let R be one of the rings in the statement of the theorem. It is easy to see
that R is not a field and so by Theorem we conclude that v(G(R)) # 1. Now,
Lemmas [3.17], 3.18] and [3.19] imply that R has a dominating set with two elements
and so v(G(R)) = 2. O

4. UNIT GRAPHS ASSOCIATED WITH PRODUCTS OF LOCAL RINGS

We now state and prove some results that will be needed in the proof of part (3)
of Theorem 2.2l

We start by introducing the notion of a total dominating set. Let G be a graph with
vertex set V. A subset D of V is called a total dominating set of G if every vertex in
V' is adjacent to at least a vertex in D. In other words, D dominates not only vertices
outside D but also vertices in D. A ~;-set of G is a minimum total dominating set
of GG, that is, a total dominating set of G whose cardinality is minimum. The total
domination number of G, denoted by ~;(G), is the cardinality of a y-set of G. It is
obvious that v(G) < %(G).

In Lemma [4.4] we give the domination number and the total domination number
of a class of unit graphs associated with products of two local rings. The following
lemmas are useful for this purpose.
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Lemma 4.1. Let R be a local ring with mazimal ideal m such that |R/m| = 2 and let
S be a local ring. Then v(G(R x S)) < 4

Proof. Since Rx S is a ring with maximal ideal m x S such that |(Rx S)/(mx S)| = 2,
Proposition implies that the unit graph G(R x S) is bipartite with partite sets
Vi=mxSand Vo= (R\m)xS.

We now claim that D = {(0,0),(0,1),(1,0),(1,1)} is a total dominating set of
G(R x S). In order to prove the claim, note that for every (a,b) € R x S, we have
either (a,b) € V; =m x S or (a,b) € Vo = (R\ m) x S. We now apply Lemma [3.17]
to get the following observations. Let n be the maximal ideal of S. In the first case,
that is, (a,b) € m x S, if b ¢ n, then

(a,b) + (1,0) = (a+ 1,b) e U(R x S)

and so (a,b) is adjacent to (1,0); and if b € n, then
(a,b) +(1,1) =(a+1,0+1) € UR X S)
and so (a,b) is adjacent to (1,1). In the second case, that is, (a,b) € (R\ m) x S, if
b ¢ n, then
(a,b) + (0,0) = (a,b) € U(R x S)

and so (a,b) is adjacent to (0,0); and if b € n, then

(a,b) + (0,1) = (a,b+1) e UR x S)

and so (a, b) is adjacent to (0, 1). Therefore, the claim holds true and so 7, (G(Rx.5)) <
4, as required. O

Lemma 4.2. Let R be a local ring with maximal ideal m such that |R/m| =2 and let
S be a local ring. If R is not a field, then v(G(R x S)) = %(G(R x S)) =

Proof. Since R x S is a ring with maximal ideal m x S such that |(R x.S)/(mx .S)| = 2,
Proposition implies that the unit graph G(R x S) is bipartite with partite sets
Vi=mx S and V5 = (R\m) x S. Note that |R/m| = 2 implies that [m| = |R\ m| =
[R|/2 and so [Vi| = |V3| = (|B[/2)|S].

Assume now, in contrary, that v(G(R x S)) < 3 and consider D with |D| = 3 as a
dominating set of G(R x S). Since R is not a field, |R| > 4. Also, S is a ring and so
|S| > 2. Therefore, |V1| = |Va| = (|R|/2)|S| > 4. Now, |D| = 3 implies that D cannot
completely lie either in V; or V5. Hence, DNV; # () and DNV, # (). This implies that
either [DNVi| =1 or [DNV,| = 1. Without loss of generality, suppose |[DNV)| =1 s
the case. Since DNV, C Vi =m x S, we may consider DNV; = {(z,y)} withz em
and y € S. Since |R\ m| = |R|/2 > 2, we may choose distinct elements x; and x5 of
R\ m. Therefore, (x1,—y) and (z2, —y) are distinct elements of (R\ m) x S = V5.
Also, (z,y) € Vi implies that (z,y) # (x1,—y) and (z,y) # (22, —y). Note that, if
(x1,—y) ¢ D, then (x1, —y) is adjacent to (x,y) and so

(x1,—y) + (x,y) = (r1 +2,0) € U(R x S),
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which is impossible. Therefore, (z1,—y) € D. A similar argument shows that
(x9,—y) € D. Hence, D = {(x,y), (x1,—y), (xa,—y)}. Since |m| = |R|/2 > 2, we
may choose a € m\ {z}. Now, (a,y) € m x S = V] and (a,y) # (z,y) imply that
(a,y) ¢ D. Since (a,y) € V3, it cannot be adjacent to (x,y) and so it is either adjacent
to (x1, —y) or (z2, —y). Therefore, we have either

(a,y) + (z1,—y) = (a+21,0) € U(R x S) or

(@,y) + (22, —y) = (a +12,0) € U(R x ),
which both of them are contradictions. This shows that v(G(R x 5)) > 4.
Now, by Lemma we have 4 < y(G(R x 5)) < %(G(R x S)) < 4 and so
Y(G(R x S)) =v(G(R x S)) = 4, as required. O

Lemma 4.3. Let S be a local ring which is not a field. Then v(G(Zy x S)) =
’Yt(G(ZQ X S)) =4.

Proof. Let m be the maximal ideal of S. There are two possibilities: either |S/m| = 2
or |S/m| > 3. If |S/m| = 2 is the case, then by Lemma [4.2 we conclude that
Y(G(ZyxS)) = 14(G(Zyx S)) = 4, as required. Therefore, we suppose that |S/m| > 3.
Since Zy x S is a ring with maximal ideal {0} x S such that |[(Zy x S)/({0} x S)| = 2,
Proposition implies that the unit graph G(Zy x S) is bipartite with partite sets
Vi = {0} x S and V, = {1} x S. This implies that |V;| = [V| = |5].

We now claim that v(G(Zy x S)) > 4. In order to prove the claim, in contrary,
suppose that v(G(Zy x S)) < 3 and consider D with |D| = 3 as a dominating set
of G(Zy x S). Since S is not a field, |[m| > 2. Therefore, |S/m| > 3 implies that
|S| > 3|m| > 6 and so |V;| = |V3| = |S| > 6. Now, |D| = 3 implies that D cannot
completely lie either in V; or V5. Hence, DNV; # () and DNV, # (). This implies that
either [DNVi| =1 or [DNV,| = 1. Without loss of generality, suppose |[DN V| = 1is
the case. Therefore, |DNV5| = 2 and so we may consider D = {(0,v1), (1,92), (1,y3)},
where y1, Yo, y3 € S with yo # y3. Let y € S\ {92, y3} be given. Therefore, (1,y) ¢ D
and so it is adjacent to an element of D. Since (1,y), (1,y2) and (1,y3) are elements
of V4, (1,y) is not adjacent to (1,y2) and (1,ys), therefore it is adjacent to (0, ;).
Hence, for every y € S\ {y2,y3}, (1,y) is adjacent to (0,y;), which implies that
deg(0,41) > |S| — 2. On the other hand, by Proposition [3.2] and Lemma

deg(0,y1) < |U(Ze x S)| = [U(Z)||U(S)| = [U(S)] = |S| = [m[ < [S] — 2.
Therefore,
S| =2 < deg(0, 1) < [S] = Jm| < [S] -2,
which implies that deg(0,y;) = |S| —2 and |m| = 2. Now, deg(0,y;) = |S| — 2 implies
that (0,y;) is not adjacent to (1,y;) for i = 2,3. That is, for i = 2,3,
(0,91) + (L y:) = (L1 + i) ¢ U(Zz x 5)

and so y; + y; ¢ U(S). This means that, by Lemma [3.17, for i = 2,3, we have
y1 +vy; € m. Therefore, by using y» # y3 and |m| = 2, we may conclude that
m = {y; + y2, y1 + y3}. Without loss of generality, we may suppose that y; + yo = 0



CLASSIFICATION OF RINGS WITH UNIT GRAPHS HAVING DOMINATION ETC. 15

and therefore D = {(0,v1), (1, —y1),(1,y3)}. Since y; + y3 € m, we conclude that
—y3 —y1 € mand so —y3 — y; ¢ U(S). Therefore,

(0, =ys) + (0,51) = (0, —ys + y1) ¢ U(Zz x 5),
(0, =ys) + (1, =y1) = (1, —ys — y1) ¢ U(Z2 x S) and
(07 _y3) + <1>y3) = (17 O) ¢ U<Z2 X S)?

and so (0, —ys3) is not adjacent to the elements of D. This implies that (0, —y3) € D
and therefore (0, —y3) = (0,y1). This means that y; +y3; = 0, which is a contradiction.
This shows that v(G(Zy x S)) > 4.

Now, by Lemma [4.1, we have 4 < v(G(Zy x S)) < %(G(Zy x S)) < 4 and so
VG (Zy x S)) = 7(G(Zy x S)) = 4, as required. O
Lemma 4.4. Let R be a ring such that R = R; X Rs, where Ry and Ry are local

rings with mazximal ideals my and my, respectively. Suppose that either |Ry/my| = 2
or |Ry/mg| = 2. If R% Zy x F, where F is a field, then v(G(R)) = v(G(R)) = 4.

Proof. Without loss of generality, let |Ry/m;| = 2. If my # {0}, then R; is not a field.
Therefore, by Lemma [4.2) 7(G(R)) = w(G(R)) = 4. If my = {0}, then R; = Z, and
since R % Zy x F, where F is a field, we conclude that R, is not a field. Now, Lemma

implies that 7(G(R)) = 7(G(R)) = 4. O
We also need Lemmas , and for proving part (3) of Theorem and
completing the paper.

Lemma 4.5. Let Fy and Fy be two fields in which either both of them have charac-

teristic 2 and none of them is isomorphic to Zo or none of them has characteristic 2.
Then ’}/(G(]Fl X Fg)) = ’Yt(GGFl X FQ)) = 3.

Proof. The assumption implies that |Fy| > 3 and |Fs| > 3 and so we may choose
nonzero elements a,c € Fy with a # ¢ and b,d € Fy with b # d. We claim that
D = {(0,0), (a,b),(c,d)} is a total dominating set of the unit graph G(F; x Fy). In
order to prove the claim, note that a given element in F; x [F5 has one of the following
forms, where z € F; and y € Fy are nonzero elements: either (0,0), (x,0), (0,y) or

(z,y).

For (0,0), we have

(0,0) + (a,b) = (a,b) € U(F; x Fq)

and so (0,0) is adjacent to (a,b).

For (x,0), we have either x # —a or x # —c¢, and so either

(2,0) + (a,b) = (x +a,b) € U(F; x Fy) or
(,0) + (e, d) = (x + ¢,d) € U(F, x Fy).

This implies that (z,0) is adjacent to (a,b) or (¢, d). By a similar argument, we obtain
that (0,y) is also adjacent to (a,b) or (c,d).

For (x,y), we have

(z,9) +(0,0) = (z,y) € U(F; x Fy)
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and so (z,y) is adjacent to (0,0).
Therefore, the claim holds true and so v(G(F; x F2)) < 3. On the other hand, by
Lemmas [3.4] and [3.6] we conclude that v(G(F; x Fy)) > 3. Therefore,
3 <AH(G(Fy xFy)) < v(G(F; x Fq)) <3
and so Y(G(F; x Fy)) = %(G(F, x Fy)) = 3, as required. O

Lemma 4.6. Let Fy and Fy be two fields in which only one of them has characteristic
2 and none of them is isomorphic to Zy. Then v, (G(F; x Fy)) < 3.

Proof. Without loss of generality, we may assume that Char(FF;) = 2 and Char(FFy) #
2. Since Fy 2 Zy and Fy 2 Zs, we conclude that |F;| > 3 and |Fy| > 3, and so we
may choose a € Fy and b € Fy such that @ # 0,1 and b # —1,1. We claim that
D ={(0,1),(1,-1),(a,b)} is a total dominating set of the unit graph G(F; x Fy). In
order to prove the claim, note that a given element in [F; x 5 has one of the following
forms, where = € F; and y € Fy are nonzero elements: either (0,0), (x,0), (0,y) or

(z, y).
For (0,0),
(0,0) + (1, ~1) = (1, —1) € U(F, x Fy)
implies that (0,0) is adjacent to (1, —1).
For (z,0),
(2,0) 4+ (0,1) = (z,1) € U(F; x Fy)
implies that (z,0) is adjacent to (0, 1).
For (0,y), if y # 1, then we have
0,y)+(1,-1)=(1,y—1) € U, x F)
and if y = 1, then we have
(0,y) + (a,b) = (a,1 +b) € U(F, x Fy).

Therefore, (0,y) is either adjacent to (1,—1) or (a,b).
Finally, for (z,y), if z = y = 1, then we have

(z,y) + (a,b) = (1+a,1+b) € U, x F,),
if x #1 and y = 1, then we have
(z,y) +(0,1) = (z,2) € U(Fy x Fy),
if xt =1 and y # 1, then for y # —1 we have
(x,y)+(0,1) = (1,y+ 1) € U(F; x Fy)

and for y = —1 we have

(z,y) + (a,b) = (1 4+ a,—1+b) € U(F, x F,),
and if z,y # 1, then we have

(z,9) + (1, -1) = (z + 1,y — 1) € U(F, x Fy).
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Therefore, (x,y) is either adjacent to (0,1), (1,—1) or (a,b).
Hence, the claim holds true and so v;(G(F; x Fy)) < 3, as required. O

We need the following proposition for the proof of Lemma [4.8]

Proposition 4.7 ([1], Lemma 2.7(a)). Let R be a ring, x,y € R and suppose that
J(R) denotes the Jacobson radical of R. If x+ J(R) and y+ J(R) are adjacent in the
unit graph G(R/J(R)), then every element of x + J(R) is adjacent to every element
of y+ J(R) in the unit graph G(R).

Lemma 4.8. Let R be a ring. Then v(G(R)) < w(G(R/J(R))), where J(R) denotes
the Jacobson radical of R.

Proof. Let v(G(R/J(R))) = n and consider D = {zy + J(R),...,z, + J(R)} as a
vi—set of G(R/J(R)). We claim that D' = {z1,...,x,} is a total dominating set of
G(R). In order to prove the claim, let y € R be given. Therefore, y+ J(R) € R/J(R)
and so there exists z; + J(R) € D such that y + J(R) is adjacent to z; + J(R) in
G(R/J(R)). Now, Proposition 4.7 implies that y is adjacent to z; in G(R) and so the
claim holds true. This implies that 1 (G(R)) < |D'| = n = %(G(R/J(R))). O

We are now ready to prove part (3) of Theorem , that is:

Theorem 4.9. Let R be a ring. Then v(G(R)) = 3 if and only if R is not isomorphic
to the product of two fields such that only one of them has characteristic 2, and
R = Ry X Ry, where for 1= 1,2, R; is a local ring with mazximal ideal m; in such a
way that R;/m; 2 Zs.

Proof. (=): Let v(G(R)) = 3. Note that, by Theorem [3.20, R is not isomorphic to
the product of two fields such that only one of them has characteristic 2. Now, by
Remark we may write R = Ry X -+ X R,,, where for every 1 <i < n, R; is a
local ring with maximal ideal m;. If n > 3, then by using Lemma [3.16] we conclude
that 3 = y(G(R)) > n+ 1 > 4, which is a contradiction. Therefore, n < 2. If n =1,
then R = R, is either a field or a local ring which is not a field. In the first case,
by Lemma [3.1 we have 7(G(R)) = 1, and in the second case, by Theorem [3.20 we
have v(G(R)) = 2, which both of them are contradictions. Therefore, n = 2 and so
we have R = R; X Ry. By Theorem M, we conclude that R 2 Zs x F, where I
is a field, and so Lemma implies that |Ry/my| > 3 and |Ry/my| > 3. Therefore,
Rl/ml % ZQ and Rg/mg % ZQ.

(«<): By the assumption and Remark [3.15] we have R/J(R) = F; x Fy, where
F; = Ry/m; and Fy = Ry/my are fields. Also, F; and Fy are not isomorphic to Zs.
Now, one of the following cases occurs:

Case 1: Either both of IF; and F, have characteristic 2 or none of them has
characteristic 2. In this case, by Lemma [4.5 we conclude that v(G(R/J(R))) =
(G(R/J(R))) = 3. Now, in view of Lemmas and [4.8] we conclude that
3 <v(G(R)) < %(G(R)) < 3, which implies that v(G(R)) = 3, as required.
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Case 2: Only one of F; or 'y has characteristic 2. In this case, by Theorem [3.20],
we have v(G(R/J(R))) = 2, and also by Lemma {4.6, we have v, (G(R/J(R))) < 3.
Therefore, in view of Lemmas and [4.8| we conclude that either v(G(R)) = 2 or
v(G(R)) = 3. Since R = R; X Ry, R is not a local ring. Also, by the assumption,
R is not isomorphic to the product of two fields such that only one of them has
characteristic 2. Finally, in contrary, suppose that R = Zy x F, where F is a field.
Therefore, R/J(R) = Zs x F and so Zy x F = F; x Fy, which implies that |Z, x F| =
|Fy x Fy|. The assumption implies that Char(F) = 2 and so |Zy x F| is a power of
2, while, by the assumption in Case 2, |F; x Fs| is divisible by an odd prime. This
contradiction shows that R 22 Zs x I, where F is a field. Hence, by Theorem m,
v(G(R)) = 2 is impossible and so v(G(R)) = 3, as required. O
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