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ABSTRACT. Let A be a simplicial complex and x be an s-coloring of A. Biermann
and Van Tuyl have introduced the simplicial complex A,. As a corollary of The-
orems 5 and 7 in their 2013 article, we obtain that the Stanley—Reisner ring of
A, over a field is Cohen-Macaulay. In this note, we generalize this corollary by
proving that the Stanley—Reisner ideal of A, over a field is set-theoretic complete
intersection. This also generalizes a result of Macchia.

1. STATEMENT OF THE MAIN THEOREM

Let us start this note with some notions of combinatorics. A simplicial complex A
on the set of vertices V.= {vy,...,v,} is a collection of subsets of V' which is closed
under taking subsets; that is, if /' € A and F’ C F, then also F’ € A. Every element
F € A is called a face of A, and a facet of A is a maximal face of A with respect to
inclusion. It is clear that all facets of A determines it. When Fy, ..., F; are all facets
of A, we write A = (F},..., F;). In this case, we say x is an s-coloring of A when
X is a partition of V, say V= Wj U --- U W, (where the sets W, are allowed to be
empty), such that for every 1 <1i <t and every 1 < j < s the inequality |[F;NW;| <1
holds true. Biermann and Van Tuyl [3] have defined a new simplicial complex A, on
the set of vertices {vy,...,vn, w1, ..., ws} with faces o UT, where o is a face of A and
7 is any subset of {wy, ..., ws} such that for every w; € 7, we have c N W; = 0. It
is shown in [3] that the facets of A, are in the form F'U F’, where F' is any face of
A and F' = {w; | FNW,; = 0}. The simplicial complex A, is generally larger than
A. For example, if A = ({v1,v9,v3},{vs, v4},{vs,v5,06}) is the simplicial complex
on the set of vertices V' = {vy,vq, v3, 04, 5,06} and x is the 3-coloring of A given by
V =Wy UWyUWs, where Wy = {v1,v4}, Wo = {9, v5}, and W3 = {vs, v6}, then we
have
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Ay = ({wr,wa, w3}, {vr, w2, wa}, {va, w, w3}, {vz, w1, wa},
{vg, wa, w3}, {vs, w1, w3}, {ve, wi, wa}, {v1, va, w3},
{v1, v3, wa}, {vg, vs, w1}, {vs, vy, wa}, {vyg, vs, w3},
{vy, v, wa}, {vs, ve, w1}, {v1, Vo, v3}, {v4, vs, v6}>.

Although many properties of the simplicial complex A, are known, it might be com-
plicated in some sense comparing with A.

We now switch to the connection of the above-mentioned notions with commutative
algebra. Let A be a simplicial complex on the set of vertices V' = {vy,...,v,}. The
Stanley—Reisner ideal of A over a field K is the ideal In of R = K[zy,...,z,], the
polynomial ring in n variables over K, which is defined as follows:

[A:<Ha:,~|F¢A>.

v;EF

Also, the Stanley—Reisner ring of A over K is defined as R/Ix. One may ask about the
arithmetical rank of the Stanley—Reisner ideal of a simplicial complex and whether it
being set-theoretic complete intersection. We recall that for a given unitary commu-
tative Noetherian ring R and for an ideal I of R, the arithmetical rank of I is denoted
by ara(I) and is defined as the smallest integer ¢ for which there exist aq,...,a; € R
such that \/(ay, ..., a;) = VI. The inequality ht(I) < ara(I) holds true generally and
in the case of equality, [ is called set-theoretic complete intersection. The arithmetical
rank of monomial ideals of R = K[z, ..., z,] has been studied by several authors (see,
for example, [1} 2], 6, 8, @]).

We are now in the position to state the main theorem of this note. In the next
section, we give a proof of the main theorem.

Main Theorem. Let A be a simplicial complex and x be an s-coloring of A. Then
the Stanley—Reisner ideal of A, over a field is set-theoretic complete intersection.

Before closing this section, we would like to point out that our main theorem
generalizes two results of [3] and [9]. Let us explain some more things in detail to see
this.

The main theorem as a generalization of a result of [3]. Let R = K[zy,...,z,]
and I be a squarefree monomial ideal of R. Lyubeznik [§] has proven that pdz(R/I) <
ara([), where pdy(R/I) denotes the projective dimension of R/I. Thus

ht(I) < pdr(R/I) < ara(I).

This implies that, if [ is set-theoretic complete intersection, then R/I is Cohen—
Macaulay. Combining the above observation with our main theorem gives the fol-
lowing corollary, which is also a corollary of Theorems 5 and 7 in the article [3] of
Biermann and Van Tuyl.
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Corollary I ([3], Theorems 5 and 7). Let A be a simplicial complex and x be an s-
coloring of A. Then the Stanley—Reisner ring of A, over a field is Cohen—Macaulay.

The main theorem as a generalization of a result of [9]. Let G be a finite
simple graph with the set of vertices V(G) = {vy,...,v,}. To the graph G, one can
associate an ideal I(G) C K[z, ..., z,] generated by all monomials x;z; such that v;
and v; are adjacent. The ideal I(G) is called the edge ideal of G over K. We recall
that A C V(G) is an independent set in G if none of its elements are adjacent. Based
on this notion, the independence simplicial complex of G is defined by

Ag={ACV(G)|Ais an independent set in G}.

Note that Ag is precisely the simplicial complex with the Stanley—Reisner ideal I(G).
Cook and Nagel [4] have defined the fully clique-whiskered graphs in the following
way. For a given graph G, C' C V(G) is called a clique of G if every pair of vertices of
C' are adjacent in G. Let x be a partition of V(G), say V(G) = Wy U --- U W, such
that W; is a clique of G for every 1 < i < s. Add new vertices yq, . .., y, and new edges
vy; for every v € W; and every 1 < ¢ < s. The resulting graph is called a fully clique-
whiskered graph of G. One can easily see that the independence simplicial complex of
this latter graph is A, and so our main theorem gives the following corollary, which
is Proposition 4.1 in the article [9] of Macchia.

Corollary II ([9], Proposition 4.1). Let G be a finite simple graph. Then the edge
ideals of fully clique-whiskered graphs of G over a field are all set-theoretic complete
intersections.

2. PROOF OF THE MAIN THEOREM

We are now ready to prove the main theorem. In order to do this, suppose that the
set of vertices of Ais V ={vy,...,v,} and V = Wj U---UW; is the s-coloring of A
given by x. Also, let R = K][zy,...,x,] be the polynomial ring in n variables over a
field K. Suppose that {vy,...,v,, w,...,ws} is the set of vertices of A, and consider
the Stanley—Reisner ideal Ia, of A, over K as a monomial ideal in the polynomial
ring R =Kz, ..., 20,1, ..., Y]

Lemma A. We have ht(Ia, ) = n.
Proof. One can easily see that
In, = In+(ziy; |vi € W), 1< 5 <s).
Note that the ideal (z1,...,2,) is a minimal prime ideal of Ix, . Now [3, Theorem 5]
implies that ht(/a, ) = n, as required. O

Let us introduce the Lyubeznik resolution, which is defined in [7]. For every mono-
mial ideal I of a polynomial ring R, there is an explicit free resolution of R/I, which is
defined as follows. Assume that G(I) = {m4,...,m,} is the minimal set of monomial
generators of I. For every integer t > 1 and every sequence 1 < {1 < --- < £; < p,
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consider the symbol ey,..,,. Let T; be the free R-module generated by all symbols
€pytyy 1 <y < -+ < < p. The differential map d, is also defined by
t

dt<€€1---ét) = Z(—l)kil

k=1

lem(myg,, ..., my,)

lem(me,, ..., Mg, ... ,mgt)efl'“zk'“et'

Then the complex (7,,d,) is a free resolution of R/I and is called the Taylor reso-
lution of I (see, for example, |5, Theorem 7.1.1]). Now fix an order my; > --- > m,,
on the set of minimal monomial generators of I. The symbol ey,..,, is called L-
admissible if m, does not divide lem(my,, ..., my,) for every 1 < k < t and every
1 < q < ;. Then the Lyubeznik resolution of I with respect to the above order of the
minimal monomial generators is a subcomplex of the Taylor resolution generated by
all L-admissible symbols. Since being L-admissible depends on an order of minimal
monomial generators of I, a Lyubeznik resolution also depends on it. Finally, we say
that an L-admissible symbol ey,...¢, is mazimal if ey, ..k, is not L-admissible whenever

{1,..., 0} Sk, ... ky}.
Lemma B. There is a Lyubeznik resolution of Ia, with length < n.

Proof. Let > be the pure lexicographic order induced by 1 > --- > x,, > y; > -+ > y,
(see [5l Example 2.1.2(c)]), and consider the Lyubeznik resolution of I induced by
>. We show that this specific Lyubeznik resolution of /s, has length < n. In order
to do this, let m; > --- > m, be the minimal monomial generators of Ix, and e,...5,
be a maximal L-admissible symbol. We use induction on n to show that k& < n. This
completes the proof of the lemma.

One can easily check that k& < n is true for n = 1, 2. Thus we may assume that n >
3. Note that there exists a unique integer, say 7o, with 1 <14y < s, such that v; € Wj,.
We claim that there exists an integer 1 < ¢ < n such that x; divides my, but does
not divide lem(my,, ..., my, ). In order to prove the claim, since e, g, is a maximal
L-admissible symbol, by using [0, Lemma 3], it follows that ¢; = 1. This implies
that z; divides my,. Now, by the definition of L-admissible symbol, we conclude that
there is a variable which divides my, but does not divide lem(my,,...,my, ). If all
of the variables which divide my, belong to the set {xy,...,z,}, then we are done.
Otherwise, we have my, = x1y;, since x1 | my, and v; € W;,. By the choice of >, we
conclude that z; does not divide lem(my,, ..., my, ), and so the claim holds true. By
the claim, we may assume that x; divides my,, but does not divide lem(my,, ..., my, ).
Let

A =A\{y}={FeA|v ¢ F}

be a simplicial complex on the set of vertices V' = V'\ {v;} and x’ be an s-coloring of
A’ given by V' = WiU---UW[, where W} = W;\ {v;} for every 1 < j < s. It is clear
that my,, ..., my, belong to the set of minimal monomial generators of I Ny and they
determine an L-admissible symbol of Ix/,. Since A’ has n — 1 vertices, our induction

hypothesis implies that k — 1 <n —1 and thus & <n. U

We also need to use the following known result of Kimura.
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Lemma C ([6], Theorem 1). Let I be a monomial ideal of a polynomial ring and X
be the minimum length of the Lyubeznik resolutions of I. Then ara(l) < \.

Now, by combining Lemmas B and C, we get ara(/5, ) < n. Therefore, Lemma A
implies that
n =ht(Ia,) < pdg(R/Ia,) < ara(lp,) <n,
and so ht(In ) = ara(la,) = n. This means that In is a set-theoretic complete
intersection ideal of R’ and completes the proof of the main theorem. U
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