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A �¹� µ ÷ ¤¢ ø 1 ∈ B �î À�îüõ ��¹þ� q /∈ ∂S ø 0 ∈ A �î�î À�îüõ ��¹þ� [0,1] ö¢�� À� ±Þû �¹�µ ÷ ¤¢ .À÷�üú�� ÷ B ø.t /∈ B ø t /∈ A �î ¢¤�¢ ¢��ø t ∈ (0,1) �Áó ø A ∪ B ( [0,1]

� .f(t) ∈ ∂S �Áó ø f(t) /∈ (M \ S)0 ø f(t) /∈ S0 Å�
� .ü¨¤¢ ��µî 62 �b½Ô¬ ¥� 7 �b �Ìì :3 ñ��b¨

� .ü¨¤¢ ��µî 82 �b½Ô¬ ¥� 44 �b �Ìì :4 ñ��b¨
ǫ0 > 0 ø x0 ∈ R Å� .Àª�±÷ �µ¨��� f À��î ­Âê :5 ñ��b¨¢��ø x = x(δ) ∈ R ,δ > 0 Âû ý�Â� :üðÄþø ßþ� �� ¢¤�¢ ¢��øý�Â� �¹�µ÷ ¤¢ .|f(x) − f(x0)| ≥ ǫ0 ø |x − x0| < δ �î ¢¤�¢
|xn − x0| < 1

n
� î ¢¤�¢ ¢� �ø xn ∈ R ,n ü ã � ± Ï ¢À ä Â û

R ¤¢ (xn) �b ó� ± ÷¢ ° � �Â � ß þÀ � .|f(xn) − f(x0)| ≥ ǫ0 ø,n ü ã � ± Ï ¢À ä Â û ý�Â � ø xn −→ x0 � î À þ�ü õ ´ ¨¢ � �ý�ûýø�Æõ�÷ ¥� üØþ Ûì�� �¹�µ÷ ¤¢ .|f(xn) − f(x0)| ≥ ǫ0ý�¥� � � f(xn) − f(x0) ≤ −ǫ0 � þ f(xn) − f(x0) ≥ ǫ0üû��µõ�÷ ý�¥� �� üóøa� À��î ­Âê �f ·õ .´¨� ¤�ÂìÂ� n üû��µõ�÷�� ,Àª�� ¤�ÂìÂ� n üû��µõ�÷ ý�¥� �� üõø¢ �»÷���) Àª�� ¤�ÂìÂ� n
(xn) ¥� (xnk

) �b ó�±÷¢Âþ¥ �¹�µ÷ ¤¢ .(Ý��îüõ ÛÞä ���Èõ �¤�¬,k üã�±Ï ¢Àä Âû ý�Â � ø xnk
−→ x0 ��®ø�� �î ¢¤�¢ ¢��ø

r ý�þ�ð ¢Àä Ý�÷���üõ Å� .f(x0) < f(x0) + ǫ0 ≤ f(xnk
).f(x0) < r < f(xnk

) ,k Âû ý�Â� �î ÝþÂ�Ú� ÂÑ÷ ¤¢ ý¤�Ï �¤ø x0 ß�� tnk
,k Âû ý�Â� Å� ,¢¤�¢ ü÷��õ ¤�ÀÖõ ´�¬�¡ f ö��

(tnk
) �Áó .tnk

∈ fpre({r}) �þ f(tnk
) = r �î ¢¤�¢ ¢��ø xnk

fpre({r}) ö�� .tnk
−→ x0 �î ´¨� fpre({r}) ¤¢ ý��ó�±÷¢� î f(x0) = r �Á ó ø x0 ∈ fpre({r}) Å� ,´¨� � µ Æ � R ¤¢

� .´¨� �µ¨��� f Å� .´¨� Ëì���´¨� �µÆ� N ¤¢ f(A) ö�� ,A ⊆ M Âû ý�Â� :(⇐) :6 ñ��b¨��®ø�� �õa� .Àª��üõ �µÆ� M ¤¢ fpre
(

f(A)
) Å� ,�µ¨��� f ø�Áó ø A ⊆ fpre

(

f(A)
) Å� ,A ⊆ fpre

(

f(A)
) Ýþ¤�¢

f(A) ⊆ f(A). �ÂÑ÷ ¤¢ �� .Àª�� N ¤¢ �µÆ� ý��ä�Þ¹õÂþ¥ K À��î ­Âê :(⇒)
N ¤¢ K ö¢�� �µÆ� ��÷ ø ­Âê ¤¢ A := fpre(K) ⊆ M ßµêÂð:Ýþ¤�¢

f
(

fpre(K)
)

⊆ f(fpre(K)) ⊆ K = K..fpre(K) = fpre(K) �Á ó ø fpre(K) ⊆ fpre(K) �¹� µ ÷ ¤¢Â���� �Áó ø ´¨� �µÆ� M ¤¢ fpre(K) �î Àû¢üõ �¹�µ÷ ��÷ ßþ�
� .´¨� �µ¨��� f ùÀª ùÀ÷��¡ �b �Ìì

1 ü®�þ¤ ��ó�÷� �Â�ö��õ ö�½µõ� Û��Æõ Û�90/2/8.´¨� ´¨¤¢�÷ (� .´¨� ´¨¤¢ (Óó� :1 ñ��b¨.´¨� ´¨¤¢ (¢ .´¨� ´¨¤¢ (�.´¨� ´¨¤¢�÷ (ø .´¨� ´¨¤¢ (û
� .´¨� ´¨¤¢�÷ (� .´¨� ´¨¤¢ (¥ü¨À�Üì� ×þÂµõ �� �¤ M = R .´¨� ´¨¤¢�÷ (Óó� :2 ñ��b¨¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ö� ¥� N = (0,1) ý�ÌêÂþ¥ ø À��î �ú¹õ�Âþ¥ ,Àª��üÞ÷ Ûõ�î N üóø ,´¨� Ûõ�î M ,M ∼= N �¤�¬ ßþ�

N ¥� ý��ÎÖ÷ � � ´¨� N ¤¢ ý��ó� ± ÷¢ �î ( 1
n

)n≥2 üÈî �b ó� ± ÷¢
� .Àª��üÞ÷ �ÂÚÞû¤¢ .À��î �ú¹õ �µÆÆð ×þÂµõ �� �¤ M = R .´¨� ´¨¤¢�÷ (�

� .Àª��üÞ÷ ù¢ÂÈê M2(0) = R = R �¤�¬ ßþ�Â���� .Àª�� �ú¹õ d ×þÂµõ �� M À��î ­Âê .´¨� ´¨¤¢ (��b ä�Þ¹õÂ þ¥ Âû ý�Â � ,ü¨¤¢ �� µ î 115 �b ½Ô¬ ¥� 14 ßþÂÞ ��bÎ��® �� ρS : M −→ R â��� ,M ¥� S üú��÷
ρS(x) = dist(x, S) := inf{d(x, s) | s ∈ S}ÍÖê ø Âð� ρS(x) = 0 �î ¢¤�¢ �¤ üðÄþø ßþ� ø ´¨� �µ¨��� üã���ö�� .(´¨� ùÀª �µêÂð ÂÑ÷ ¤¢ ü¨À�Üì� ×þÂµõ �� R) x ∈ S Âð��b µ¨�� � â ��� � Å� ,À�µÆû M ¥� üú�� ÷ ý�û�ä�Þ¹õÂþ¥ B ø A���� .Ýþ¤ø�üõ ´¨¢ �� �¤ ρB : M −→ R ø ρA : M −→ RÂ�è ¤¢ �Âþ¥ ,ρA(x) + ρB(x) 6= 0 ,x ∈ M Âû ý�Â� �î Ý��îüõ�µª�¢ ýx ý�Â� �î À�îüõ ��¹þ� B ø A ö¢�� �µÆ� �¤�¬ ßþ��bÎ��® �� f â��� Å� .´¨� Ëì��� �î x ∈ A ∩ B Ý�ª��

f(x) =
ρA(x)

ρA(x) + ρB(x)

R ý�ÌêÂþ¥ [0,1]) À�îüõ ÓþÂã� [0,1] �� M ¥� �µ¨��� üã���,À�µÆû [0,1] ¥�� ý�û�ä�Þ¹õÂþ¥ (12 ,1] ø [0, 12 ) ö�� .(´¨�ý�û�ä�Þ¹õÂþ¥ V := fpre((12 ,1]) ø U := fpre([0, 12 )) Å�ø B ⊆ V ,A ⊆ U �î ¢�ªüõ ùÀþ¢ üµ��¤ �� ø À�ª��üõ M ¥��
� .U ∩ V = ∅.t = 0 Ý � û¢ ¤�Â ì ´¨� ü ê� î ,p ∈ ∂S Â ð� .´¨� ´¨¤¢ (¢­Â ê ö� � î� .t = 1 Ý � û¢ ¤�Â ì ´ ¨� ü ê� î ,q ∈ ∂S Â ð�

(M \ S)0 ø S0 ø ´¨� � µ ¨� � � f ö� � .p, q /∈ ∂S Ý � � îü õø A := fpre(S0) �Á ó ,À � ª� �ü õ M ¥� � ý� û� ä� Þ ¹ õÂ þ¥�î À� µÆû [0,1] ¥� � ý�û�ä�Þ¹õÂ þ¥ B := fpre((M \ S)0)À�îüõ ��¹þ� p /∈ ∂S üêÂÏ ¥� .À �ª� �üõ � � ÷ ��¹õ ��®ø� �



À��î ÓþÂã� n ≥ 2 ý�Â� ø A1 = f(M) À�û¢ ¤�Âì :7 ñ��b¨ý��ó�±÷¢ (An)n≥1 �î ¢�ªüõ ùÀþ¢ üµ��¤ �� .An = f(An−1)

M ø �µ¨��� f ö�� .´¨� M üú��÷ ý�û�ä�Þ¹õÂþ¥ ¥� ��¤¢��í�Â µ ª� �b �Ì ì Â �� � � �Á ó ø À ÷�ù¢Â È ê � û An Å� ,´¨� ù¢ÂÈ ê
M ¥� ù¢ÂÈê ø üú��÷ ý��ä�Þ¹õÂþ¥ ��÷ A :=

⋂

n≥1 An ,¤�µ÷�î.f(
⋂

n≥1 An

)

=
⋂

n≥1 f(An) �î Ý��îüõ �ä¢a� ñ�� .´¨�.f(
⋂

n≥1 An

)

⊆
⋂

n≥1 f(An) � î ¢�ªüõ ùÀ þ¢ ü µ��¤ � �.À ª� � ù�� ¿ ó¢ ý� Ì ä y ∈
⋂

n≥1 f(An) À � � î ­Â ê ñ� �.y = f(xn) � î ¢¤�¢ ¢� �ø xn ∈ An ,n ≥ 1 Â û ý�Â � Å �ù¢Â È ê ø À þ�ü õ ´ ¨¢ � � M ¤¢ (xn) �b ó� ± ÷¢ ° � �Â � ß þÀ �À � îü õ ß � Þ Ì � �¤ ö� ¥� (xnk
) �b ó� ± ÷¢Â þ¥ ¢� �ø ,M ö¢� �,ℓ ù��¿ ó¢ ü ã � ± Ï ¢À ä ý�Â � ö� � î� .x ∈ M ,xnk

−→ x � îÅ� ,´¨� �µÆ� M ¤¢ Aℓ ö�� ø ´¨� Aℓ ¤¢ ý��ó�±÷¢ (xnk
)k≥ℓö¢�� �µ¨��� .x ∈

⋂

n≥1 An Å� ,¢�� ù��¿ó¢ ℓ ö�� .x ∈ Aℓ�b ó�±÷¢ (f(xnk
)) ö�� ø f(xnk

) −→ f(x) �î À�îüõ ��¹þ� f�¹ � µ ÷ ¤¢ .y = f(x) ∈ f
(
⋂

n≥1 An

) Å� ´¨� (y) ´�� �ü�ã þ ,´¨� ¤�Â ìÂ � �ä¢a � �Á ó .⋂
n≥1 f(An) ⊆ f

(
⋂

n≥1 An

)Ý�Æþ��� Ý�÷���üõ ö��î� .f(
⋂

n≥1 An

)

=
⋂

n≥1 f(An)

f(A) = f

(

⋂

n≥1An

)

=
⋂

n≥1 f(An) =
⋂

n≥1An+1 = A. �Â �� � � .À ª� � � ú ¹ õ d ×þÂ µ õ � � M À � � î ­Â ê :8 ñ��b¨.Ý��î ��¿µ÷� b ø a Û·õ M ¥� �þ�Þµõ �Ìä ø¢ Ý�÷���üõ ­Âê�b Î �� ® � � f : M −→ R â �� � ,ùÀ ª ùÀ ÷�� ¡ ° ó� Î õ Â �� � �ÂÑ÷ ¤¢ ü¨À�Üì� ×þÂµõ �� R) ´¨� �µ¨��� üã��� f(x) = d(x, a)�b ä�Þ¹õ ø f(a) = 0 < d(b, a) = f(b) ö�� .(´¨� ùÀª �µêÂðü÷��õ ¤�ÀÖõ �b �Ìì Â���� ��÷ ø ´¨� �¤�Þª�÷ f(b) ø f(a) ß�� ¯�Ö÷�f õø� ó M Å� ,¢Â �Ú � ¢�¡ � � �¤ Â þ¢� Ö õ ßþ� À þ� � f �µ ê� þ Ý �Þã �
� .´¨� �¤�Þª�÷


