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� .[0,1] ¤¢ fn ⇉ 0 �Áó ø C0([0,1],R) ¤¢ fn → 0Å�
n ≥ 1 ý�Â� .´Æ�÷ ´¡���Øþ [0,1] ¤¢ ÂÔ¬ �� fn üþ�ÂÚÞû (�
[0,1] ¤¢ f ′

n(x) = n(1 − 2nx2)e−nx2 �b Èþ¤ �ú� � ,ùÀª ù¢�¢,fn(1) = ne−n ,fn(0) = 0 ö�� .x = 1√2n
� � ´¨� Â ��Â ��� Þ � Æ î� õ �Á ó ,0 < ne−n <

√

n2e
ø fn( 1√2n

) =
√

n2e�¤ C0([0,1],R) ö��î� .√ n2e
�� ´¨� Â��Â� [0,1] ¤¢ fn ÕÜÎõÝþ¤�¢ .À��î �ú¹õ ,��ÞþÂ��¨ �Â÷e ¥� ùÀª �Öó� ×þÂµõ ,d ×þÂµõ ��

d(fn,0) = ‖fn‖ = sup
x∈[0,1] |fn(x)| =

√

n2e
9 0.¤¢ ÂÔ¬ �� fn üþ�ÂÚÞû �Áó ø C0([0,1],R) ¤¢ fn 9 0Å�

� .´Æ�÷ ´¡���Øþ [0,1]À��î ­Âê .´¨� ´¡���Øþ [0,1] ¤¢ ÂÔ¬ �� fn üþ�ÂÚÞû (�Å � ,´ ¨� � µ ¨� � � x = 1 ¤¢ f ö� � .´ ¨� ùÀ ª ù¢�¢ ǫ > 0,x ∈ (1 − δ,1] Â û ý�Â � � î ý¤�Ï ´¨� ¢��� õ 0 < δ < 1��¹ þ� 0 < δ < 1 ü êÂ Ï ¥� .|f(x)| = |f(x) − f(1)| < ǫ¢���õ N üã�±Ï ¢Àä �¹�µ÷ ¤¢ ø (1 − δ)n‖f‖ → 0 �î À�îüõö� � î� .(1 − δ)n‖f‖ < ǫ ,n ≥ N Â û ý�Â � � î ý¤� Ï ´¨�,x ∈ [0,1 − δ] Âð� ,x ∈ [0,1] Âû ý�Â� .n ≥ N À��î ­Âêù�Ú÷�
|fn(x)| = |xnf(x)| = xn|f(x)| ≤ (1− δ)n‖f‖ < ǫ,ù�Ú÷� ,x ∈ (1− δ,1] Âð� ø

|fn(x)| = |xnf(x)| = xn|f(x)| ≤ |f(x)| < ǫ.ø |fn(x)| < ǫ Ýþ¤�¢ x ∈ [0,1] Âû ý�Â� ,n ≥ N ­Âê �� Å�
� .[0,1] ¤¢ fn ⇉ 0 �Áóý¤�Ï ´¨� ¢���õ M ´±·õ üÖ�Ö� ¢Àä ­Âê Â���� :7 ñ��b¨À��î ­Âê .|fn(t)| ≤ M ,t ∈ [a, b] Âû ø n ≥ 1 Âû ý�Â� �îý�Â� �¤�¬ ßþ� ¤¢ .δ = ǫ

M
À�û¢ ¤�Âì .´¨� ùÀª ù¢�¢ ǫ > 0�î À�îüõ ��¹þ� |x − y| < δ ,x, y ∈ [a, b] Âû ø n ≥ 1 Âû

|Fn(x) − Fn(y)| =
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|fn(t)|dt
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∫ x
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Mdt
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= M |x − y| < Mδ = ǫ.Âû ý�Â� üêÂÏ ¥� .´¨� â���� ¥� �µ¨���Ýû ý�ù¢��÷�¡ (Fn) Å�,x ∈ [a, b] Âû ø n ≥ 1
|Fn(x)| =
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fn(t)dt
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∫ x

a

|fn(t)|dt

1 ü®�þ¤ ��ó�÷� �Â�ö�þ�� ö�½µõ� Û��Æõ Û�90/3/24
� .ü¨¤¢ ��µî 89 �b½Ô¬ ¥� (a =⇒ b) 54 �b �Ìì :1 ñ��b¨�b ½Ô¬ ¥� (⇐=) 21 �b �Ìì ø 90 �b ½Ô¬ ¥� 55 Ý ó :2 ñ��b¨

� .ü¨¤¢ ��µî 163
� .ü¨¤¢ ��µî 217 �b½Ô¬ ¥� (=⇒) 17 �b �Ìì :3 ñ��b¨

� .ü¨¤¢ ��µî 217 �b½Ô¬ ¥� 18 �b �Ìì :4 ñ��b¨
P = {a = x0, x1, . . . , xn−1, xn = b} À��î ­Âê :5 ñ��b¨ý�Â� �î Ý��îüõ �ä¢a� .Àª�� mesh(P ) < 1

A
� � [a, b] ¥� ý¥�Âê�.[xi−1, xi] Â� f = 0 ù�Ú÷� ,f(xi−1) = 0 Âð� ,1 ≤ i ≤ n Âû¤�Â ì ,ùÀª ù¢�¢ 1 ≤ i ≤ n ý�Â � ,� ä¢a � ü µ¨¤¢ ö¢�¢ ö�È ÷ ý�Â �Ý�û¢üõ

Mi = sup
{

|f(x)| | x ∈ [xi−1, xi]
}

.,ß � Ú ÷� � õ ¤�À Ö õ �b � Ì ì Â �� � � ,x ∈ (xi−1, xi] Â û ý�Â ��î ¢¤�¢ ¢��ø ξx ∈ (xi−1, x)

f(x) = f(x) − f(xi−1) = f ′(ξx)(x − xi−1).Ý�Æþ��� Ý�÷���üõ ­Âê ¥� ù¢�Ôµ¨� �� �¹�µ÷ ¤¢
|f(x)| = |f ′(ξx)|(x − xi−1) ≤ A|f(ξx)|(x − xi−1)

≤ AMi mesh(P )..|f(xi−1)| = 0 ≤ AMi mesh(P ) Ýþ¤�¢ ��®ø�� ,ß���Ýû�Áó ø |f(x)| ≤ AMi mesh(P ) ,x ∈ [xi−1, xi] Âû ý�Â � Å�ß þ� Â � è ¤¢ �Â þ¥ ,Mi = 0 �¹ � µ ÷ ¤¢ .Mi ≤ AMi mesh(P )Å� .¢¤�¢ P �� ¿ µ ÷� � � Ë ì� � � � î mesh(P ) ≥ 1
A
�¤�¬ö� � .¢� ªü õ ´ �� � � ä¢a � ü µ ¨¤¢ �Á ó ø [xi−1, xi] Â � f = 0É¡��� .[a, x1] Â� f = 0 �ä¢a � Â���� Å� ,f(x0) = f(a) = 0�b õ�¢� �� .[x1, x2] Â� f = 0 �ä¢a � Â���� �f¢À¹õ �Áó ø f(x1) = 0

� .[a, b] Â� f = 0 Ýþ¤ø�üõ ´¨¢ �� À�þ�Âê ßþ�.´¨� ´¡���Øþ [0,1] ¤¢ ÂÔ¬ �� fn üþ�ÂÚÞû (Óó� :6 ñ��b¨
[0,1] ¤¢ f ′

n(x) = 1−nx2
(1+nx2)2 �bÈþ¤ �ú�� ,ùÀª ù¢�¢ n ≥ 1 ý�Â�,fn(1) = 11+n

,fn(0) = 0 ö� � .x = 1√
n
� � ´ ¨� Â ��Â �

fn ÕÜÎõ ��Þ�Æî�õ �Áó ,0 < 11+n
≤ 12√n

ø fn( 1√
n

) = 12√n×þÂµõ �� �¤ C0([0,1],R) ö��î� . 12√n
�� ´¨� Â��Â� [0,1] ¤¢Ýþ¤�¢ .À��î �ú¹õ ,��ÞþÂ��¨ �Â÷e ¥� ùÀª �Öó� ×þÂµõ ,d

d(fn,0) = ‖fn‖ = sup
x∈[0,1] |fn(x)| =

12√n
→ 0.



≤
∫ x

a

Mdt = M(x − a) ≤ M(b − a),.´¨� ¤�À÷�Âî ´¡���Øþ ¤�Ï�� ý�ù¢��÷�¡ (Fn) Àû¢üõ ö�È÷ �î¤� Ï� � ý�� ó� ± ÷¢Â þ¥ (Fn) ,ü ó� Ø ¨�-�¥¤� �b � Ì ì Â �� � � Å �´¡���Øþ üþ�ÂÚÞû ø À÷��µ¨��� �û Fn ö�� .¢¤�¢ �ÂÚÞû ´¡���Øþ
� .¢�� Àû��¡ �µ¨��� ��÷ ýÀ� â��� Å� ,´¨��Â÷e ¥� ùÀª �Öó� ×þÂµõ ,d ×þÂµõ �� �¤ C0([a, b],R) :8 ñ��b¨â ��� � �� Þ � �b ä� Þ¹ õ A À � � î ­Â ê .À � � î � ú¹ õ ,�� Þ þÂ �� ¨�� ø üÖ�Ö� °þ�Â® �� üþ��ÜÞ�À�� �î Àª�� p ∈ C0([a, b],R)�¤�¬ �� ý��Î��®

p(x) = a0 + a3x3 + a6x6 + · · · + a3nx3n×þ A ⊆ C0([a, b],R) �î ¢�¢ ö�È÷ ö���üõ üµ��¤ �� .À�µÆû�À� Ýû ¥� �¤ [a, b] ¯�Ö÷ ø ¢�ªüÞ÷ ÂÔ¬ ��º�û �î ´¨� â���� Â±�
C0([a, b],R) ¤¢ A ,§�ÂµªÂþ�ø-ö�µ¨� �b �Ìì Â���� Å� .¢¥�¨üõ¢�ªüõ �¹�µ÷ üµ��¤ �� ­Âê ¥� ù¢�Ôµ¨� �� ,ß���Ýû .´¨� ñ�Ú�,p ∈ A Âû ý�Â� �î

∫ b

a

f(x)p(x)dx = 0.�Áó ,f ∈ C0([a, b],R) ö�� .´¨� ùÀª ù¢�¢ ǫ > 0 À��î ­Âê¢��ø p ∈ A �î À�îüõ ��¹þ� C0([a, b],R) ¤¢ A ö¢�� ñ�Ú��î Ýþ�ù¢Âî ­Âê �¹�þ� ¤¢) d(f, p) < ǫ
(b−a)‖f‖ �î ý¤�Ï ¢¤�¢¤�ÂìÂ� ÝØ� ø [a, b] Â� f = 0 �¤�¬ ßþ� Â�è ¤¢ �Âþ¥ ,‖f‖ 6= 0�¹�µ÷¤¢ .(´¨�
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∫ b

a

f(x)(f(x) − p(x))dx
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∫ b

a

|f(x)| |f(x) − p(x)|dx

≤
∫ b

a

‖f‖ ‖f − p‖dx = (b − a)‖f‖d(f, p) < ǫ.Å� ,¢�� ù��¿ó¢ ǫ ö��
∫ b

a

f2(x)dx = 0ùÀª ùÀ÷��¡ �b �Ìì Â���� �Áó ,f2 ≥ 0 ø ´¨� �µ¨��� f2 ö�� ø
� .[a, b] Â� f = 0 �î Àû¢üõ �¹�µ÷ ��÷ ßþ� .[a, b] Â� f2 = 0


